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Portfolio Optimization Under Credit Risk

Summary

Based on the models of Hull & White (1990) for the pricing of non-defaultable
bonds and Schmid & Zagst (2000) for the pricing of defaultable bonds we
develop a framework for the optimal allocation of assets out of a universe of
sovereign bonds with different time to maturity and quality of the issuer. We
estimate the model parameters by applying Kalman filtering methods as
described in (Schmid & Kalemanova 2002). Based on these estimates we sim-
ulate the prices for a given set of bonds for a future time horizon. For each future
time step and for each given portfolio composition these scenarios yield distri-
butions of future cash flows and portfolio values. We show how the portfolio
composition can be optimized by maximizing the expected final value or return

of the portfolio under given constraints.
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1 Introduction !

The process of performing an optimal asset allocation basically deals with the
problem of finding a portfolio that maximizes the expected utility of the port-
folio manager. As it is done throughout the traditional portfolio theory intro-
duced by Markowitz (1952) and Sharpe (1964), the problem of finding an
expected utility maximizing portfolio for a risk averse portfolio manager, rep-
resented by a concave utility function, can be restricted to finding an optimal
combination of the two parameters mean and variance. This dramatically sim-
plifies the whole asset allocation process and is known as mean-variance analy-
sis. It is the aim of the portfolio manager to find a portfolio that maximizes his
expected return under a given risk level or a portfolio that minimizes his risk
under a given return level. Risk in this case is measured by the variance of the
portfolio return. Unfortunately, selection rules based on the two parameters
mean and variance are of limited generality as they are optimat only if the util-
ity function is quadratic or the return distribution is normal. Furthermore, the
use of variance as a measure of risk for asymmetric return distributions has
already been questioned by financial theorists like, e.g., Markowitz (1991),
p. 188-201. He states that portfolio analyses based on semi-variance tend to
produce better portfolios than those based on variance. Unfortunately, the com-
puting cost involved with the use of semi-variance is much higher than that with
the analyses based on variance as we need the entire joint distribution for the
first technique while we only need the covariance matrix for the latter.
Extensive research has been done to derive concepts for ordering uncertain
prospects resulting in principles like the stochastic dominance of order 1,2 or
3 (see, e.g., (Bawa 1975) or (Martin, Cox & MacMinn 1988)). Bawa argues that

1 Based on an earlier version printed in the Algo Research Quarterly, Vol. 5, No.1, Rudi Zagst,
Jan Kehrbaum and Bernd Schmid, “Portfolio Optimization under Credit Risk”, pp. 23-41,
Copyright 2002, Algorithmics Publications. Website: www.algorithmics.com.
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it is quite reasonable to assume that the average investor decides consistent with
a finite, increasing and concave utility function with decreasing absolute risk
aversion, and that there is a strong rationale for using meanlower partial vari-
ance rules as an approximation for the portfolio selection of this kind of investor.
Under this rule one portfolio is better than the other if its mean is not lower and
its lower partial variance is not higher than that of the other portfolio at every
possible benchmark. As the lower partial variance is a generalization of the
semi-variance, this follows the suggestion of Markowitz, still leaving the com-
putational problems, because we have to calculate the lower partial variances
for each distribution at every possible benchmark. If we can not assume special
distributions to simplify that problem, the solution is often approximated by
optimizing with a finite set of representative benchmarks.

The so-called Jower partial moments can be considered as a generalization
of the lower partial variance (see, e.g. (Harlow & Rao 1989) or (Harlow 1991))
and are therefore consistent with the previous concept. Because they measure
the risk of falling below a given benchmark, they have become very popular
measures for the risk of a portfolio, especially when the return distribution may
be asymmetric. Consequently, we will use lower partial moments to control the
downside risk of the portfolio exposure in this paper. Because we do not have
any information on the distribution of the possible or optimal portfolios we
approximate the distribution function based on a simulation model. The assets
we allow for an allocation are sovereign bonds with different time to maturity
and quality of the issuer. Some of these bonds may default and thus stop pay-
ing interest. Or the value of a bond may fall only because the rating of the issu-
ing country has changed.

The risk of price changes with respect to changes in the rating of a country
or company is called credit or default risk. For modelling default risk we use
the approach of Schmid & Zagst (2000). They allow for a Hull-White or a gen-
eralized CIR process to describe the short rate r. The quality of the firm is mod-
elled by a CIR type of uncertainty or signaling process u which also has an influ-
ence on the explicitely modelled mean-reverting short rate spread s. They derive

417

Donnerstag, 11. Marz 2004.max




Business Services

a closed-form solution for defaultable zero coupon bonds and show how credit
derivatives can be priced using a tree-based method.

The paper is organized as follows. In section 2 we describe the model of
Schmid and Zagst for pricing defaultable bonds. In section 3 we discuss the
empirical data set we use and show how the model parameters can be estimated
by applying Kalman filtering methods as described in (Schmid & Kalemanova
2002). Based on these estimates we simulate the prices of the bonds for a future
time horizon. For each future time step and for each given portfolio composi-
tion these scenarios yield distributions of future cash flows and portfolio val-
ues. In section 4 we show how the portfolio composition can be optimized by
maximizing the expected final value or return of the portfolio under a given set
of constraints. One set of restrictions is due to a minimum required cash flow
per period to cover the liabilities of a company, the second set limits the toler-
ated risk. As discussed above, both risks are measured by lower partial moments
to account for the downside potential we have to consider. To visualize our
methodology we present a case study for a portfolio consisting of German, Ital-
ian, and Greek sovereign bonds in section 5.

2 The Underlying Term Structure Model

In this section we formulate the Financial market model used to describe
the movement of defaultable and non-defaultable bond prices over time. To
do that we fix a terminal time horizon T*. Uncertainty in the financial
market is modelled by a complete probability space (€2, F, Q) and a filtra-
tion F = (F)y<, <7~ of the three-dimensional standard Brownian motion

W (i)/ = (W’w- (t), W, (t), W, (1‘)) satisfying the usual conditions, i.e. F,

is trivial and contains all the Q-null sets of F and the filtration F is right con-
tinuous. In addition, we assume JF ;+ = F . The filtration F represents the arrival
of information over time. As numéraire we choose the money market account
By withIn B (t) = [8 7 (7) dr, where r () is the non-defaultable short rate
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at time ¢ € [0, 7*]. The modelling takes already place after measure transfor-
mation, i.e. we assume that Q is a martingale measure and all discounted secu-

rity price processes are local Q-martingales with respect to our numéraire.
Assumption 1 The dynamics of the non-defaultable short rate is given by the
Jollowing stochastic differential equation:

dr(t) = [0, (t) — &, - (t)] dt + o, dW,. (t), t €[0,T7], (1)
where .., o, > 0 are positive constants and 8 . is a non-negative valued

deterministic function.

This specification implies that the current rate » (¢) is pulled towards 9—"7@ with
a speed of adjustment a,- .

Assumption 2 The development of the uncertainty index is given by the fol-
lowing stochastic differential equation:

du (t) = [0 — o - w (B)] dt + 0y - Vu (D)dW, (t), t € [0,T7], (2)

where 4., 0, > 0 are positive constants and 0,, is a non-negative constant.

The short rate spread is defined to be the defaultable short rate minus the non-
defaultable short rate and is supposed to hold the following assumption.

Assumption 3 The dynamics of the short rate spread is given by the following
stochastic differential equation:

ds(t) = [be - u(t) — ay - s (B)] dt + oy - /s (OAW, (1), £ € [0,T%], (3)

where a4, by, 05 > O are positive constants.

Given assumption 1, the price of a non-defaultable zero coupon or discount
bond is given by the following Theorem (see (Hull & White 1990)).
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Theorem 1 Under assumption I the time t value P (t, T) = P (r; t, T) of a non-
defaultable discount bond with maturity T € [t, T*), is given by

P(t,T)=A(t,T)e BOTI0 ¢ e 1o 7], (4)
where A (t, T) and B (1, T) are defined by
1 R
3 - . = a(T-1) -
B(,T) = o [1 ¢ } (5)
and
T
InA{t,T) = / <%(I72 -B*(1,T) - 6, () - B(r, T)) dr
t
P0,T) dln P (0,t) ‘
. . B —  NT T
In (P(O,t) ) (t,T) pm (6)
2
*4‘7({5 i (G—ﬁ,,.T -~ efﬁ,,t)Q ) (ezﬁ,.t _ 1) '

The deterministic function 6, (¢) is given by

2
00 (6) = 1 (008) a0 £(0,1) 4 T2 (1 =201,
where f (0, 1) denotes the instantaneous forward rate at time ¢ as seen from time
0. The (continuous) yield a R (¢, T) of a non-defaultable discount bond, also
known as non-defaultable (continuous) zero rate, at time ¢ € [0, T] for a matu-
rity time ¢ € [t, T*] is given by

R(,T) = -ﬁ P (L,T)=a(t,T)+b(T—1) r(t) (7)
with
I A(T) ] _ B(,T)
alt,T)=- T i and b(T—t) = e

Under the additional assumption that the three driving Wiener processes are
independent, Schmid & Zagst (2000) generalized the result of Theorem 1 to the

420

Portfolio Optimization Under Credit Risk

pricing of defaultable zero coupon bonds. To show their result, let 7% € [0, o0)
denote the F-stopping time describing the stochastic behaviour of the default
time and let us assume a fractional recovery of market value in the case of
default. Then the following Theorem holds:

Theorem 2 Assuming the dynamics specified by equations (1), (2) and (3), the
value P* (1, T) = P (1, s, u, 1, T) of a defaultable discount bond at time t < T =
min (7, 7¥), T € [t, T*] is given by

P (t,T) = A% (¢,T) o~ BT)r(1)=CHL.T)-5(t) =D (1,T) (1) (8)
where
_ =8 (T-1)

Cd (t7 T) - -1 . ?

ng") _ Kés)e—é,s-(']'—t)

—20" (¢, T)
DTy = 2L

T = =Ty
20 v(T,T)
d r . . u )
ImA“(t,T) = InA{#T)+ > -In ny

and v (t, T) is defined by

& s ﬂm( .’(5)
v(t1) = (o2) ). [ﬂ (ersem0) B0 )

U
(0]

. %&l:+b %)
¥ (et r0) ™ ) g, (t,T)},
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with

Rty = £ (o) 0 (). o(o) o o)
(

1-2¢ ,{55)) ’,igs)/ﬁ(lﬁ)e—é‘s-(T—t)) ’
ROT) = F(o() - o(s).0 () vo ().
1+ 2¢ (Kgs)) ,,ig"‘)/ﬁgh‘)e—ﬁsv(T»—t» ’

. - B as + 6, [a2g + 2bso2
bs = Vaﬁ-%2o§, ’1(1/)2: 9 9) (/)(g): _W_—

In addition, o, = o, (T, T), and, o, = 0, (T, T), where

and

ar (6, T) = G e TN E@T)-¢& - F(T),
(8] (ta :ZY) = 5’2 ) Fl (tz T) - Cl . 6“63'(:[;” . F2 (t) T) )

with

&11 § I{LI
Eip = <7 8¢ )>> Gz =5
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and
PT) = E (1m0 () o (7)1 -0 (7)o (7).
22 (") of 70,
AOT) = F{ro () o () 100 () +o (7).

24 2¢ (n&‘“”) ; ngs)/ﬁgﬂe"""("“")) .
Hereby, F (a, b, c, z) denotes the hypergeometric function, i.e.

I'(c) e c—b—1 —a
mlt" O (L=t 2) " e > b > 0.

F(a,bye z) =
The (continuous) yield R¢ (1, T) of a defaultable discount bond, also known
as defaultable (continuous) zero rate, at time ¢ € [0, 7] for a maturity time
Te [t T*] is given by

R (¢,T) = —ﬁ-lnPd(t,T)
 ImA@T) 20, v(T,T)|  B®T)
T Tt T amep v(t,T),+ 7—¢ "W
d d
G 0 B )

Hence, the credit spread S (#, 7) at time ¢ € [0, 7] for a maturity time T'€ [1, T *]
can be calculated as

S(t,T) = RYt,T)—R(tT)

a'l(T—t)+c(T—t)~s(t)+d(T—t)-u(t) 9)
with
2, n|%EH| C (4, T)
d (o [ vt, g by
ity = LDy = )
it (@ -1 =2 O ooy = ST
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and
D4 (t,T)
d(l—t) = ——1—.
(I'—t) = =
The non-defaultable zero rates and the credit spreads for different maturities
will be derived from market data as described in the following section.

3 Data Set and Parameter Estimation

In the following analysis we use observed data of credit spreads between A4A4-
rated German and AA4-rated Italian as well as A4A4-rated German and (4-)-rated
Greek government bonds. We assume throughout that the German bonds are
default risk free whereas the Italian and Greek bonds are defaultable. We con-
sider a 12 months time series of daily bond prices from November 1, 1999, until
October 23, 2000, provided by Reuters Information Services?. All prices are
denominated in Euros, so we don’t have to take care of possible currency risks
involved in the credit spreads. Note further that our sample for Germany and
Italy only consists of pure discount bonds. The Greek bonds are all fixed rate
bonds paying annual coupons between 3% p.a. and 9.7% p.a. We use a universe
of 33 German, 36 Italian, and 38 Greek bonds. The ranges of maturities of the
bonds span from 0.36 years to 20.8 years. We apply the four parameter approx-
imation of Nelson & Siegel (1987) to infer the whole zero rate curves from the
bond data (for details see (Schmid & Kalemanova 2002)).

In the following we use Kalman filtering methods to estimate the parame-
ters of the three-factor defaultable term structure model from the zero curves.
For details on thec methodology see, e.g., (Schmid & Kalemanova 2002). The
application of Kalman filtering methods to the parameter estimation of term
structure models has the great advantage that it allows the underlying state vari-

2 Most of the previous empirical studies use weekly or monthly data. Besides Duellmann and
Windfuhr (Duellmann & Windfuhr 2000) we are the only ones to use daily data — at least up
to our knowledge.
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ables to be handled as completely unobservable, whereas other methods often
must use some short term rates as proxies and hereby introduce additional noise.
Because we use real world credit spread observations in the Kalman filter we
must describe the credit spread dynamics under the “real world” measure which
we denote by P. Our assumptions for the short rate as well as the uncertainty
index and short rate credit spread for Italy and Greece are summarized as fol-
lows: Under the measure P the processes 7, s/, and u/, j € {I, G}, are given by

dr(t) = [0, () —ar()]dt+o.dW, (t),
du/ (t) = [6) —alw! ()] dt+ ol \/ul (¢)dW] (¢ (10)
ds’ (t) = [blu (t) — als’ ()] dt + ol\/s7 ( tdW; (t), 0<t<T™,
where
:
il =al + X (o) W) =W+ [ )
Jo
and
t .
I/V’()—VV’()—Q—/ vl (T)dr,i=s,u
0
with
v () = MNour(t),
Aty = Moly/si(t) , and
V() = Mol (), 0<t<T

The measurement equation for the Kalman filter is set up using equation (7)
for different maturities and the short rate r as state variable for an estima-
tion of the parameters 0,,a,,0,, and \,.. For estimating the parameters
01, al ol N blal, o), and A we use equation (9) for different maturit-

u? w? u? w8

ies with v = 1/ and s = &/ as well as (w/, s/) as state variable, j € {/, G}.
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For more details see (Schmid & Kalemanova 2002). For Germany the

results of the Kalman filter estimations are the following: 6, = 0.014413,
ap = 0.238205, o, = 0.015581, A, = —0.086076, r (0) = 0.042434. For
Italy: bl = 0.274800, al = 0.047687, 0! = 0.158324, Al = —1.898668,
s'(0) = 0.001296, 6] = 0.000031, ol = 0.068696, oL = 0.030482, A =
~1.228143, ' (0) = 0.005112. For Greece: b$ = 0.343225, a¥ = 0.167814,
ol = 0.446885, \Y = —0.215937, s (0) = 0.002325, 6C = 0.000392, oG =
0.074952, 0§ = 0.067231, \G = —1.109091, u® (0) = 0.012704.

4 Portfolio Optimization

In this section we deal with the problem of maximizing the final value of a port-
folio under limited risk. We hereby assume that we are given a planning hori-
zon T € [0, T*] and that the prices at any time ¢ € [0, 7] of the 1 sovereign bonds
we consider are given by P, (¢), ..., P, (f). The first source of risk is the
changing interest rate over time resulting in varying values of the portfolio
© = (1, .-, pn) . The second source of risk is the possibility of default inher-
ent in the sovereign bonds of the countries j € {/, G}. Due to this risk we
may lack in coupon payments which we do not receive in case of default. The
first limit we set is a restriction on the portfolio value falling below some
given benchmark at times t € 7T = {TIB,..‘,T,,SB} C [0,T), mp € IN.
The second limit is due to a stream of liabilities L(f) at times
teTy,={Tf ..,T5, } C{0,T), ms, € IN, which have to be covered by
the coupon payments of our bond portfolio. Because these coupon payments
are under default risk we also set a restriction on the cash flows falling below
the corresponding liability. Coupon payments we receive between the liability
payment dates are put in a cash account at a continuous interest of R, i.e. a
cash flow C, (¢) received from bond i € {1, ..., n} at time ¢ € (T%vl,Tﬂ

will have a cash value of

Ci (8, 1F) = € (1) - e (8T7)(TE 1)
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attime Tf on the cash account. The value of the cash account at time ¢ € [0, T]
is denoted by C, (1). We suppose that country j € {I, G} enters default as soon
as the corresponding uncertainty process u/ crosses the default boundary %7
evaluated from the default probability of country ;. Therefore, the time of the
default event is given by

T = inf {te0,T]: 4 (t) > fd’-j} .

In the case of defauit before time 7 the holder of the “defaulted” coupon bond
P, (1) = P& (¢, T)) with maturity 7, € [T%/, T*] is assumed to receive no more
coupon payments but a recovery payment of w - P4/ (T4 —, T)) fixed at time T4/
with w € [0, 1] denoting the recovery rate and P4/ (T%/ —, T)) being the price of
the bond just before default. For simplicity we suppose that this payment is
available not before the maturity time T, of the bond at a cash value of

A (Td“j,Ti) _ eR:f;,.i (Td.J,TL-).(T,‘,—TdJ) - Péz,j (Td,j*, Ti)

with R%/ (T, T)) denoting the interest rate earned on the recovery payment

for the time period [T%, T}]. Hence, at each of the coupon payment dates
0<1 <...<t, =T, the cash flows of the defaultable bond are given by

C;d (t,i,u) = C7 (tiu) . (1 — 110’2[“] (Td’j>>

ifve{l,.,n;—1} and

CHT) = Co(T) - (L= Ty () + 1oy ) - 2 (™, T3),

427

Donnerstag, 11. Marz 2004.max



Business Services

where 1, , represents the usual indicator variable. The cash flows within each
liability period (T¢_,, T%], T € {1,...,mz}, are then put in the cash account

accruing to a cash value of

Co (Tf_1, TH) = Y.
ve{l,...,n;}
tive(TE_, IF)

Co (t4,) - eFen (0 TE)(TE 11,

at the liability payment dates T'% € 7;,. Hence, the cash value at time Tk e

Trof the portfolio cash flows within period (Tf_,TF], T € {1,...,mp}, is
given by

Co (‘Pa %71aT{J) = ZW - Cio (T%Av TTL)
i=1

leading to a total value of the cash account at time TTL of

Co (0, TE) = Co (p, Tk )-elen (TE TR (TET80) L (0, T, T) L (TF)

forall T € {1,...,my} where we set

Co (9,0) = @0 (0) = Cy — Z ;- P (0)
i=1

with €, denoting the initial budget to be invested at time ¢ = 0.

Having estimated the parameters of the stochastic processes 7 s/, i/, s¢ and 16
we now consider the vector of risk factors

RF=(RF,, ..., RFy) = (; s/, ', 59, u).
The optimization problem is based on a simulation of RF over time. For this

simulation, let /" (0) and ¥ (1) denote the value of a given stochastic variable
at times 0 and #. In our case this may be the cash account or the dirty price of a
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bond plus potential coupon payments between times 0 and ¢, at time 0 and time
t as seen from time 0. According to our model we know that the values ¥ (f) are
dependent on the vector RF of risk factors and that the functional relation
between the risk vector and the future value of ¥ is known, i.e. ¥ (r) = V (RF,
7). Under this assumption we simulate the risk vector RF getting the simulations

RF* = (RF¥, ..., RF%) with probability p, > 0, k=1, ..., K.
Inserting these simulations we receive the simulations for the future values
vy =V (RF 1), k=1, ... K.

For any portfolio ¢ = (y1, ..., ¢, ) of the bonds, which we consider to be fixed
from 0 to the end of the planning horizon T for the ease of exposition, the future
value of the portfolio at time ¢ is denoted by V' (¢, t). If V (¢p, t) models the cash
account of the portfolio we have V' (¢, t) = Cj (i, ). If ¥, (¢) models the dirty
price of bond i € {I, ..., n} plus potential coupon payments between times 0
and ¢, at time ¢ as seen from time 0, we have

Vi) =3 i Vilt)
i=1

with V (¢, 0) denoting the cash account or portfolio value at time 0. Using our

simulations, the future value V' (¢, t) is simulated by
VE(p,t) = CE (p,1), k=1,.., K

in case of the cash account and

Vk (3070 = Z‘pt ' ‘/ik (f) g k= 17 '“)I(s
=1
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in case of the coupon payments. To restrict the downside risk of the future value
attime ¢ € 7p we consider the discrete version of the lower partial moment
of order I € IN corresponding to an investor specific benchmark® B (¢) € IR
which is defined by

LPM (V. B, )= 3 pe (B(&)—VE (o))" (11)
k=1,.. K
VE(p,t)<B(t)

The lower partial moment only considers realizations of the future value of ¥
below the investor specific benchmark measured to a power of /. For / = 0 this
is the probability that the random future value falls below the given benchmark
which is referred to as shortfall probability. Setting the benchmark equal to
V (¢, 0) this is the probability of loss. For / = 1, the lower partial moment is the
expected deviation of the future values below the benchmark, sometimes called
(expected) regret. For / = 2, the lower partial moment is weighting the squared
deviations below the benchmark and thus is the semi-variance if the benchmark
is set equal to the expected future value. For a more detailed discussion of the
lower partial moments see, e.g., (Harlow 1991) or (Zagst 2002).

A portfolio manager or trader may be restricted to specific trading limits.
Therefore, we introduce the absolute lower (s;) and upper bounds (S,) for the
amount ¢; of security i =1, ..., » in the portfolio and claim that

s < <S8 i=1,..,n,

3 If we are given a benchmark return b () for the period [0, ¢], the corresponding absolute
benchmark B (4) to be compared with the simulated portfolio values V* (¢, ) is given by
B(t) =V (p,0)-(1+b(t)).
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For Apy (t),Api (t) € R and ! € {0, 1,2,}, let us consider the following opti-
mization problem

S i Bo Vi (1)] - max
1=1

LPM (¢, V,B,t) < Ap/(t),l € {0,1,2},t € Tg
(P) LPM;(p,Co,0,t) < Apy (t),1€{0,1,2},t €Ty,
8 S Yi S Si: 1= 07"'7”

o = Cy —Z@i -V, (0)
=1

with V' (#), ¢ € [0, T}, in this case, denoting the dirty price of the portfolio plus
potential coupon payments between times 0 and ¢, at time ¢ as seen from time
0. Note, that we have set R, (T%Ml, TTL) = R., for the ease of exposition. To
implement this problem let us have a closer look at the general LPM constraint,
i.e. the LPM restriction for the future value ¥ first. We choose the numbers
m; < 0 to be sufficiently small and the numbers M, > 0, m;,;> 0 and M, > 0 to
be sufficiently large and define the constraints

M-y + V¥ (p,8) 2 B(1) (A)

mi - (1 —yi) + V¥ (p,t) < B(t) (B)

0< (VE(p,t) = BO) + (-1 wyy < My - (1 i) ()
0 < wy < mug -y (D)

withwy, € IR, y;. € {0,1} forall k=1, ..., K, where we consider /€ {0, 1,2,}
to be arbitrary but fixed as well as t € (0, T]. A proof of the following Theorem
can be found in (Zagst 2002).
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Theorem 3 Let t € (0, T), [ € {0, 1, 2} be arbitrary but fixed and y, € {0, 1}
forallk=1,. K.

a) Let condition (A) be satisfied. Then we have for all k=1, ..., K:

we =1 if V¥{(p,t0,T) < B(ty,T).

Let condition (B) be satisfied. Then we have for allk=1, ..., K:

ye =0 if V¥(p,t0,T) > B(to, T).

b) Let conditions (A) and (B) be satisfied. Then, for all k=1, ..., K we have:

V¥ (p,t0, T) < B (to, 1) of and only if y;, = 1.

c) Under conditions (A), (C), and (D), we have*:

K

LPM; (,V, B, 1) <> pi, - waa.
k=1

d) Under conditions (4), (B), (C), and (D), we have:

K
LPM; (¢, V,B,to,T) = pi - wy.

k=1

Note that for the special case /= 0, we can conclude that conditions (C)and (D)
are equivalent (o wy, =y, giving us

K

LPMy(p,V,B,t) = Zpk Y (12)
k=1

4 To be precise, we only need the first inequality of (1) in addition to (4) and (C) to get this state-
ment. Furthermore, we only need the first inequalitics of (C) and (D) if [ = 1.
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under the additional conditions (4) and (B), with “<” instead of “=" if only con-
dition (4) is satisfied in addition to (C) and (D). Using Theorem 3 we can replace
the lower partial moment constraint

by the constraint
K
D vk < A (E)
k=1

for A € IR and /€ {0, 1, 2}, if conditions (4), (B), (C), and (D) are satisfied.
Hence, instead of using constraint (LPM), we can use inequality () if we add
conditions (4), (B), (C), and (D) to the optimization problem. Furthermore, we
can omit condition (B) for a sufficient set of conditions. For / = 0 condition
(LPM) is called shortfall constraint and the corresponding A,, in this case cho-
sen to be an element of (0, 1), is called shortfall probability.

Usually all commercial optimization tools use inequalities of the form < or
and 2 a precision expressed by the smallest absolute number that can be recog-
nized numerically within the tool and which will be denoted by € > 0 here. For
this reason we rewrite equation (B) in the following form

my - (L—ye) + V¥ (p,t) < B(t) —e. (B")

Let us therefore denote for / € {0, 1,2} and ¢ € (0, T] the set of restrictions (A4),
(B'), (C), and (D) by

MIP (@, yu, 0, VF, B 1) k=1,.., K.
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This gives us the following optimization problem (£,) which is (approximately)
equivalent to (P):

K

Zpk LV (p,1") — max
k=1

MIP (o, ye,wi, VE, Bot) k=1, K,t € Tp
MIP, (%yok,wnu, C(A)',O,t) k=1, K,1eT;
Yoo Yor €10,1} k=1,.., K

W, Wory € IR

(Pl) K
Zpl.: s W S ABla le {Oa 17 2}

k=1

K
ZPA: = Wokt S ALZ: [ € {07 172}

i

s5i < <S5 i=1,..,n

wy = Cy *Z%‘Vi(o)-
=1

The variables of () to be optimized are oy, ..., 0., yr,yor € {0,1}, and
wyr, wore € M, k= 1,..., ). Hence, we have to solve a linear mixed-integer
program which can be done by commercial optimization tools.

Remark. Using the simulated values u*/ k=1, ..., K, we can calculate the sim-
ulated probabilities of default at time 7 € [0, T] by

K
pt(t) = Z Pr - Lo (Td’j)
k=1
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with
T4 =inf{t€[0,T]:u"7 (t) > M}, k=1,., K.

Let us finally mention that there are optimization models related to ours. See,
e.g., (Dembo 1993) and (Mausser & Rosen 1999). Dembo does not explicitly
consider defaults, but describes scenario-based optimization models for bond
portfolios, including cash flow matching. Mausser and Rosen construct e.cient
frontiers for a portfolio of bonds under credit risk using various scenario-based
optimization models but they do not consider cash flow tracking.

i Countey <o Maturity ; “ Coupon = /. Dirty Price ..
1| Germany ' i | ooy | 8% | 0140
2| Germany [ oasy | %o | 1049
3 | Gemany | a0y B% ) 3,‘._.:1‘02,‘42 ey
4| Germany | o2eY | 6% | 1042
5 | Gemany | ooy | oe% | e
6 |kl b g o 100
1ol oty sy L gl q0a88
g ey et e i B T 01
I
A0 |kl | oeaay ] % ] T
Mo Geece | oy b Togk o086
12 | Greece - . s 8% Yol 0874
13 | Greece 207 g% | 1034
14 | Greece | 257 8% | o0
15 Greece 3.0Y 8% 10479

Table 1: Specification of the portfolio universe
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b Case Study

For the case study we have chosen a planning horizon of 7= 2 years and a num-
ber of 5 sovereign bonds with annual coupon payments of each of the countries
Germany, Italy, and Greece, i.e. n = 15. The specification and dirty prices at time
=0 of the bonds with a notional of 100 Euro each are summarized in table 1.

Furthermore, we set 7 = 77 = {60, 1Y, 1Y 6M,2Y} with a liability
stream of (50, 000; 100, 000; 200, 000; 400, 000) Euro, R, = R%/ = R&6 = (),
and a budget of C, = | Mio. Furo. As mentioned above, ¥/ (1) is considered
to be the dirty price of bond i € {1, ..., n} plus accumulated cash flows
over time accrued at an interest of R,,. For the optimization we have chosen
K = 100 simulations, absolute lower bounds of s, = 0 and upper bounds of
S =tee, i€ {1, ..., n}, abenchmark of B (£) = Coforallt € 77, 1 = 0,1.c. we
are dealing with shortfall constraints, and A (£) = 1% = A{ (¢). The probabili-
ties of default and the resulting default boundaries &1 and &G are given in
table 2.

According to the rather low default probabilities, no default took place in
our simulations. Therefore, the shortfall constraint for covering the liability
stream degenerates to an exact cash flow matching restriction as stated, e.g., in
(Elton & Gruber 1991), p. 565-566.

Default probability Default boundary
Italy 0.02% 0.014659
Greece 0.04% ' 0.047047

Table 2. Default probabilities and boundaries for Italy and Greece
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Figure 1: Value of the cash account in example 1 over time compared to the

liability stream

Example 1. In the first example we do not consider any shortfall or liability
constraints. Our aim is simply to maximize the expected final portfolio value,
1.e. the dirty price of the portfolio plus the value of the cash account at time 7
allowing for a budget of C,. The optimal portfolio consists of an amount of
9,658, i.e. a cash value of | Mio. Euro, of the 2 year 8 % Greek bond. This port-
folio has an expected final value (including previous coupon payments) of
1,120,337 Euro corresponding to an expected rate of return of 5.68 %. The prob-
abilities of falling below the benchmark C, at times ¢t € 7, are given by the vec-
tor (5%, 2%, 1%, 0%). Also, the liability stream is not covered by this portfo-
lio. The value of the cash account compared to the liability stream is shown in

figure 1.
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Example 2. For the second example we add the shortfall constraints for the port-
folio value at times ¢ € 7;, to the budget constraint of example 1 getting an opti-
mal portfolio which consists of

3,008 (311,428 Euro) of the 2 year 8% Greek bond

2,485 (253,287 Euro) of the 2 year 7% Italian bond

3,604 (369,108 Euro) of the 2 year 6% German bond
641 ( 66,177 Euro) of the 3 year 6% German bond.

1,200,000

1,000,000

800,000

600,000

400,000

200,000

o+r—a

TODAY
10M
1Yam
1Y4M
1Y6M
1Y8M
1Y10M

i Liabilities W CashAccount

Figure 2: Value of the cash account in example 2 over time compared to the

liability stream

This portfolio has an expected final value (including previous coupon payments)
of 1,105,841 Euro corresponding to an expected rate of return of 5.03%. The
probabilities of falling below the benchmark Cyattimes ¢ € 7} are given by the
veetor (1%, 1%, 0%, 1%). To satisfy the shortfall constraints, the investment in
the Greek bond is reduced and shifted to the less risky Italian and German
bonds. Unfortunately, the liability stream is also not covered by this portfolio.
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The optimal country allocation is GER: 44% , ITA: 25%, GRE: 31%, Cash:
0%. The cash account compared to the liability stream is shown in figure 2.

Example 3. In this example we add the liability constraints (but not the short-
fall constraints of example 2) at times ¢ € 77, to the budget constraint of exam-
ple | getting an optimal portfolio which consists of

7,009 (725,703 Euro) of the 2 year 8% Greek bond

1, 852 (197,672 Euro) of thel.5 year 8% Greek bond

411 ( 41,440 Euro) of the 1 year 7% Italian bond
35,185 Euro on the cash account.
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Figure 3: Value of the cash account in example 3 over time compared to the

liability stream

This portfolio has an expected final value (including previous coupon payments)
of 1,106,961 Euro corresponding to an expected rate of return of 5.08 %. It can
be seen that the maturities of the bonds are chosen according to the liability
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payment dates ¢ € 7. The probabilities of falling below the benchmark Gy at
times ¢ € 77, are given by the vector (5%, 2%, 0%, 0%). Unfortunately, the
shortfall constraints are not met by this portfolio. The optimal country alloca-
tion is GER: 0% , ITA: 4%, GRE: 92%, Cash: 4%. The optimal maturity allo-
cation is 1Y: 4.14% , 1.5Y: 19.77%, 2 Y: 72.57%, Cash: 3.52%.The value of
the cash account compared to the liability stream is shown in figure 3.

Example 4. In this example we add the shortfall and liability constraints at
times £ € 77, to the budget constraint of example 1 getting an optimal portfolio
which consists of

3,050 (315, 815 Euro) of the 2 year 8% Greek bond
2,133 (217,370 Euro) of the 2 year 7% Italian bond
1,869 (196,040 Euro) of thel.5 year 7% Italian bond

465 ( 46,900 Euro) of the 1 year 7% Italian bond
1,825 (186,959 Euro) of the 2 year 6% German bond
36,916 Euro on the cash account.
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Figure 4: Value of the cash account in example 4 over time compared 1o the
liability stream

This portfolio has an expected final value (including previous coupon payments)
of 1,099,185 Euro corresponding to an expected rate of return of 4.73 %. We
now have a portfolio with maturity times according to the liability payment
dates t € 77, and a country diversification including Italian and German bonds
to increase the safety of the portfolio, i.e. to reduce the probability of falling
below the given benchmark. The probabilities of falling below the benchmark
C, at times ¢ € T, are given by the vector (1%, 1%, 0%, 0%). The optimal
country allocation is GER: 19% , ITA: 45%, GRE: 32%, Cash: 4%. The opti-
mal maturity allocation is 1Y: 4.69%, 1.5Y: 19.60%, 2Y: 72.01%, Cash:
3.59%. The value of the cash account compared to the liability stream is shown

in figure 4.
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6 Conclusion

We used the model of Schmid & Zagst (2000) for simultaneously pricing
defaultable and non-defaulitable sovereign bonds. The parameter estimations
were done using Kalman filtering methods as described in (Schmid & Kale-
manova 2002). Based on these estimates the prices of the bonds were simulated
over time and the simulations were used to derive optimal portfolios consisting
of both, defaultable and non-defaultable sovereign bonds. One set of restric-
tions was due to a minimum required liability stream, the second set of restric-
tions was to limit the potential of falling below some given benchmark. To visu-
alize our methotology we presented a case study using German, Italian, and
Greek sovereign bonds. Further research will consider correlations of the
Wiener processes and the examination of emerging market and corporate bond

portfolios.
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