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Abstract

Jaeckel and Rebonato [1] develop two different methods of creating valid corre-
lation matrices: construction by hypersphere decomposition and by singular value
(i.e. spectral) decomposition. Although both methods yield satisfactory results in
practice, from a mathematical point of view, they both share some theoretical draw-
backs.

Using results from semidefinite programming (SDP) we give the most general
problem formulation to compute valid correlation matrices. We present numerical
results which prove that these SDPs are rather easily solvable with efficient solvers
for SDP problems (e.g. PENNON, see [3]). In contrast to Higham [2] we do not
find numerical difficulties in solving the stated SDP problems.

We close the article with two more very important features which have been
neglected in literature so far. First, regularity and second, control of the condition
number of the resulting correlation matrix are easily guaranteed by linear SDP-
constraints. Numerical experiments show that these additional constraints do not
harm the efficient numerical solution.
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1 Motivation

In their article [1] Jaeckel and Rebonato introduce the problefinding the best
correlation matrix In this context, a correlation matrix is given by the following

Definition 1. Let S” be the space of real symmetrickm matrices. Further, let
S| c S" be the cone of positive semidefinite matrices. A matrix$3 (G > 0) is
calledcorrelation matrixif G; = 1fori=1,...,n.



It is well known among practitioners that there are several situations when an
estimated correlation matrix is in fact not a true correlation matrix. For example,
correlations may be estimated from different data sources, specific entries may be
manually altered for stress tests, rounding errors occur due to numerical difficul-
ties, or some functional form of a correlation matrix from a fitting process fails to
yield a true correlation matrix. In these situations, the candidate natcian be
assumed to be symmetric and to have diagonal entries equal to one. The only vio-
lation is founded in the existence of some negative eigenvalue. For a more detailed
motivation of the occurence of thebad correlation matricesve refer the reader
to the article of Jaeckel and Rebonato [1].

1.1 The model

From their presentation it becomes obvious (although not explicitly stated) that
their objective — together with the objective of almost all practitioners — lies in the
solution of the following generic optimization problem:

Gn;ig1 fc(G) (GCP)

st G*>0,
Gi=1 i=1...,n

Here, the notation means the following:
e C —the estimated bad correlation matrix.
e fc:S"— R is some appropriate objective function, depending on the bad
correlation matri>C.
Please note that for a convex objective functignproblem (GCP) is a standard
convex (semidefinite) problem. For a very good introduction to the theory of SDP
we refer the reader to Vandenberghe and Boyd [4].

1.2 The objective function fc

The choice of a suitable objective function strongly depends on the application
in mind. For example, a risk manager is looking for a true correlation matrix
which simply is as close to the original estimate as possible. In this case, the
objective function is most naturally given by some distance measurdg{®) =
||G —C]J| for some matrix norm or8". The most appropriate norm is the stan-
dard trace norm (also known as Frobenius norm, eigenvalue norm or 2-norm)
I|G||2 := (G,G) = tr(GG), making theS" a Hilbert space with the scalar prod-
uct (A, B) = tr(AB). If not explicitly stated otherwise, we assume in the following
that fc(G) = |G —Cl|y.

A different choice of the objective functioft may be the calibration error for
some correlation matrig, whereG is e.g. obtained by some interest rate model
calibration process (for an excellent treatment of this specific problem see e.g. the



working paper by Brace and Womersley [5] or d’Aspremont [6]). In this situation,
the functionfc may be non-convex i®. We will show later how we can deal with
such problems in an easy way using a general purpose SDP solver.

2 Criticism on existing approaches

In the following paragraphs we will briefly summarize already existing methods
which approximately solve the above optimization problem (GCP) together with
some short criticism on each of them.

We have illustrated the geometrical interpretation of the shrinkage approach
(namedG(A\*)), the spectral decompositio€{*) and the general SDP method
(G*) in Figure 1 for an initial bad correlation matr&

2.1 Shrinkage

The main idea of the shrinkage approach is as follows. Additionally to the esti-
mated bad correlation matrX one chooses a target correlation ma@x(as ref-
erence, see e.g. Kupiec, [7]). Restricting the solution of (GCP) to the line between
C andCy, problem (GCP) becomes in this case

min A
AER

st. G(A):=C+A(Cy—C) =0.
Please note that
[IG(A) = Clltr = [|AM(Co —C)||tr = A[|Co —Clltr

and hence the above objective function is equivalent to the original one.

Of course, it does not make sense to use a general purpose SDP solver for this
easy problem. Kupiec uses some simple one-dimensional root finding algorithm
together with a complete matrix orthogonalization at each iteration to control pos-
itive semidefiniteness. It would be numerically more robust and more efficient to
test on positive semidefiniteness by Cholesky decomposition or to compute the
smallest eigenvalue of the current iterate.

However, although the method is very easy to implement and works well even
for large matrices, the dependence on the (artificial) target m@gris a major
drawback in practice and disqualifies it for practical use.

2.2 The hypersphere decomposition

The hypersphere decomposition approach relies on the observation that for a suit-
ably chosen matriB (motivated by spherical coordinates) an approximatio@ of
can be given byBB'. The definition of an appropria@is as follows:

Bi|(©) = cog(@yj) Ml zsin(©u) for j <n,
T Nk sine@w) for i —n.



One can easily show th&B" is positive semidefinite and has diagonal entries
equal to one. The main advantage of this approach is that nowGwthG(0) =
B(©)B(©)T problem (GCP) can be written as

min ||B(©)B(@)" —C|]2

OcRxn-1

which becomes an unconstrained optimization problem and can as such be effi-
ciently solved using e.g. BFGS or Newton’s method, as gradient and Hessian
are easily (even analytically) computable. In contrast to the shrinkage approach,
no matrix decompositions (which have complex@yn®)) have to be computed.
However, the assembly of the Hessian has compleXity?) and the solution of

the according linear system even is of or@¢N?>) whereN = n? —n is the number

of optimization variables.

Still, the main drawback of this optimization problem is not its high complexity.
As the optimization variabl® enters the objective in a non-convex fashion, clas-
sical optimization methods fail to compute the global optimum. Even for realistic
small dimensions (i.e1= 10) we already have to solve a global optimization prob-
lem with n> — n (i.e. N = 90) variables. Although the computation of local min-
imizers (which is often sufficient in practice) can be done very efficiently, global
optimization problems should be avoided if possible.

2.3 The spectral decomposition

The third approximation to (GCP), originally introduced by Jaeckel and Rebonato,
lies in the following two simple observations

Definition 2. Let D € S" be a diagonal matrix. Then the diagonal matrix"D
defined by({D*);i := maxDjj,0) (i =1,...,n), is theprojectionof D onto the cone
S}, i.e. it solves

min ||G —D||2.
Gequ I

This characterization can easily be extended to general matriceSfromtere
we use the well-known fact that each real symmetric marixS" has aspectral
decomposition A=UAUT with an orthogonal matrik) € R™" (eigenvectors) and
a diagonal matrix\ € R™" (eigenvalues).

Lemma 3. Let Ac S, with A¢ S}. Then the following optimization problem
min ||G—A|2
min |G- All
is solved by G= A", where A is defined through its spectral decomposition as

A" :=UATUT. In this sense, A can be seen as the projection of A oigb. It
holds that(A*); > Ajj fori=1,...,n.



Proof. Using the invariance of the trace with respect to orthogonal transformation,
the claim is obvious(A™); > A; follows from the fact thafA™ = A. O

Having a close look at (GCP) we see that the only difference to the optimiza-
tion problem from the previous lemma lies in the constra@is= 1. To take this
constraint into account, the projection needs to be slightly adjusted.

Definition 4. Let Ac S, Aj > 0. Then a diagonal scaling matrix & F(A) is
1
defined by f:= (Ai) 2.

Now we are ready to state the complete algorithm to compute a feasible approx-
imationC™ to a bad correlation matrig in the following theorem.

Theorem 5. LetCe S", with C¢ S} and G; = 1. Then the matrix C* defined as
Ctt:=F(C").C"-F(C")
is feasible in (GCP), i.e.€" € S} and G " =1.

Proof. Due to the previous lemmas, the matFi¥C") is well defined agC™*);; >
Ci = 1> 0. Therestis obvious. O

Please note that in general this ma@ikX* is not necessarily an optimal solution
to (GCP), thus we can only expect sub-optimality. However, we can expect
to be a very good approximation to the optimal solution of (GCP).

In contrast to the first two approaches, this method does not need the solution
of any optimization problem. The main computation time is spent for the calcula-
tion of the spectral decomposition, i.e. the computation of the projection onto the
cone of positive semidefinite matrices. The rest is simple scaling in the rows and
columns of the resulting projection. From a complexity point of view this approach
clearly outperforms all other methods due to its simplicity and efficiency. Only for
very large matrice€ we run into numerical problems computing a proper spectral
decomposition.

2.4 Some common drawbacks

Although rather satisfying from a practical point of view, the previous approach
shares two drawbacks with the other methods presented so far.

e From a mathematical point of view, all approaches only compute approxi-
mations to the original problem (GCP). The question how to solve (GCP)
efficiently still remains open.

e Itis rather hard to incorporate further constraints on the resulting improved
correlation matrix. All methods rely on the specific problem formulation
and cannot deal with additional constraints. We will deal with the problem
of incorporating additional constraints in the last section.

Most important, due to optimality reasons, all methods end up with singular corre-
lation matrices. As these matrices are e.qg. further used in Markowitz optimization



or the computation of value-at-risk quantities, regular matrices instead of singular
ones are required. The shrinkage approach and the singular value decomposition
can easily be changed to such a requirement, whereas it remains unclear how to
extend the hypersphere decomposition.
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Figure 1: Geometrical interpretation of the estimated ma@ixogether with
approximations.

3 Solution by efficient SDP solvers

In contrast to all methods proposed so far, we suggest the usage of standard SDP
solvers. Current state-of-the-art SDP solvers are capable of solving medium sized
problems (i.e. 50< n < 100) with acceptable computational effort, see Mittel-
mann’s web page [8]. Using these standard solvers yields two strong advantages:
First, we can easily include additional constraints (see next section). Second, the
user only has to formulate (GCP) in the appropriate input format (e.g. standard
SDPA format, see [9]) and can then use a variety of different solvers.

As problem (GCP) is not in standard SDP form, we have to reformulate (GCP)
to fit the required input format.



3.1 Reformulations

Using calculation techniques from SDP theory (the Schur complement, see [10]),
we can show
Theorem 6. Problem (GCP) is equivalent to

min_tr(H
GHes! (H)

o4
H G 0 C
st. - ,
G | cC 0
Gii::]-a |:17 ,n,
or
min hij
GESQ,IhijERg N
sit. b Gi-Gi) 1<i<j<n,
Gij —Gij 1
Gi=1, i=1...,n

Using an appropriate choice of the basis in the matrix space, the constraints on
the diagonal elements & are already implicitly fulfilled.
Remark 7. A similar theorem holds forcf{G) = |G —C||1 = ¥ j |Gij —Cij| which
is numerically more suited, especially for larger n.

3.2 Example

The following illustrative example has been computed with PENNON, using a
version of (GCP) withfc(G) = ||G—C]||1. Please compare this singular matrix
with the optimal matrix in the following section, where we have included lower
bounds on the eigenvalues. For

1 10 1 0.7071 0
C=[1 1 1| wehaveG"=]0.7071 1 07071] .
011 0 0.7071 1

The original matrixC has the eigenvalues0.4142 1,2.4142 and the optimab*
has the eigenvaluesD 2.

3.3 Generalization to non-convex problems

So far we have only considered problem (GCP) wighG) = ||G—C]||. If we are

interested in the solution of calibration problems as arise e.g. in interest rate mod-
els, the objective is no longer convex. In this case none of the approximation meth-
ods is suited to solve these problems. Using SDP solvers tailored for non-convex



problems (e.g. PENNON) we can hope to get at least local solutions. Preliminary
tests are promising.

3.4 Remarks on Higham’s SDP approach

Higham claims in [2] that the problem of finding the best correlation matrix is not
solvable with the help of semidefinite programming. In his context, he reformu-
lates the original problem (using the Schur complement) as a SDRO(ith con-
straints. He is completely right when claiming that problems like this can hardly be
solved. However, when using the equivalent formulation from the previous para-
graphs it is possible to formulate SDPs in standard form Witk n? variables
with either only one B x 2n and twon x n matrix constraints or with ona x n
matrix constraint together witﬂ(”;—l) 2 x 2 matrix constraints, which keeps the
problem sizes within reasonable limits.

We have to admit that our method still is in the same complexity class as the
hypersphere decomposition, i.e. we have compleRitiN?) for the assembly of
the Hessian an®(N?®) for the solution of the according linear system. Neverthe-
less, let us mention three points. First, when working with large matrices it may
be more appropriate to use only first order information for the solution of (GCP).
Second, in contrast to Higham, we have never come across fitting problems with
correlation matrices witin > 100 whereC did not possess a very special (sparse,
block or functional dependence) structure in practice. Third, when working with
large matrices, condition numbers are getting more and more important for sub-
sequent computations and, in our opinion, should be taken into account. We com-
pletely agree with Higham that tHeestmethodology to solve (GCP) in its most
general form even for large matrices remains an open problem.

4 Including further constraints

As we have already mentioned, applications in stress testing or asset management
often lead to the problem of incorporating additional (linear equality or inequality)
constraints on certain elements of the correlation matrix, i.e. (GCP) is e.g. refined
to

in f =
min fc(G) (GCP)
st G>0,

Gi=1 i=1...,
Gik = Gkj = pik, (i,k)€J

n

)

for certain entriegj,k) € J and valuepjk. In the setting of semidefinite program-
ming, these constraints can rather easily be incorporated. In the same way we can
introduce linear inequalities on the matrix elements, without harming the linear
structure of the semidefinite programming problem.



problem size H 20‘ 30‘ 50‘ 75
Withoutconstrainﬁ <1| 4132|1322

with constraints <1l| 41104 1379

Table 1: Computation times for (GCP) in seconds with and without regularity con-
straints on a standard notebook using PENNON.

As we have already mentioned, we do not want to obtain a singular n@aityix
but a regular one. This can be guaranteed by the further (linear) con§raist.
As we can see from Table 1, this regularity constraint does not significantly change
the computation time, in contrast, computation time sometimes decreases due to a
better conditioning of the problem. If we recompute the optimal matrix from the
previous example with a lower bound of 0.1 on the eigenvalu€ ofe obtain

1 0.6364 0
G*=10.6364 1 06364 | .
0 0.6364 1

which now has eigenvalues101.0,1.9. Please note that the optimal objective
value increases from 0.5858 to 0.7272 when imposing the regularity constraint.

Another, even more important constraint can be imposed on the condition num-
ber of the improved correlation matrix. In normal circumstances, the condition
number should be bounded abovedyi.e. the user wants to guarantee

condG) := Amax(G)

= <a.
}\min(G) o

Here, Amax(G) andAmin(G) denote the maximal and minimal eigenvalueofWe
can reformulate this constraint by

Amax(G) < 0 - Amin(G).

From the theory of semidefinite programming we know that we can add this con-
straint to (GCP) as

Ges'mill?ue]R fC(G)

st. G>=0,
[-1h G =u-lp,

u<al,

Gi=1 i=1 n.

g ey



5 Summary

We have briefly presented well-known approaches to improve bad correlation matri-
ces to suitable ones. We have shown that all approaches share two drawbacks
which can be overcome by a semidefinite programming formulation. In contrast
to other authors we do not run into numerical difficulties working with small
and medium sized matrices. Using the very general semidefinite programming
approach, we can easily include further constraints on elements or even on the
condition number of the improved matrix.
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