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Abstract

We present the extended model of Schmid and Zagst for pricing credit
risk related instruments such as defaultable bonds or credit derivatives. It
is a consequent advancement of our prior three-factor model (see Schmid
& Zagst (2000)). In addition to a Þrm-speciÞc credit risk factor we include
a new systematic risk factor in form of the GDP growth rates. We set the
new model in the context of other hybrid defaultable bond pricing models
and empirically compare it to speciÞc representatives.

1 Introduction

A great variety of credit risk pricing models have been developed over the last
thirty years. These models can be divided into four main categories. The Þrst
and second generation structural-form models, the reduced-form models and the
hybrid models.

The Þrst generation structural-form models go back to Merton (1974) who
basically uses the Black-Scholes framework to model default risk. He assumes
that a Þrm defaults if the market value of the Þrm falls below the value of the
liabilities of the Þrm. If the Þrm�s liabilities can be entirely represented by a
zero-coupon bond, there are two possibilities at the maturity of the debt: If
the market value of the Þrm is greater than the face value of the bond, then
the bondholder is completely paid off. Otherwise the bondholder only gets
back the market value of the Þrm. Therefore, the payoff to the bondholder is
the minimum of the face value of the bond and the market value of the Þrm.
Or to say it somehow different, it is the face value of the bond minus a put
option on the value of the Þrm, with a strike price equal to the face value of the
bond and a maturity equal to the maturity of the bond. Following this basic
intuition, it is easy to derive an explicit formula for the price of a defaultable
zero-coupon bond. Some later models try to get rid of some of the unrealistic
model assumptions of Merton�s framework. Black & Cox (1976) incorporate
classes of senior and junior debt, safety covenants, dividends, and restrictions
on cash distributions to shareholders, Geske (1977) considers coupon bonds by
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using a compound options approach and provides a formula for subordinate
debt within this framework, Ho & Singer (1982) allow for different maturities
of debt and examine the effect of alternative bond indenture provisions such as
Þnancing restriction of the Þrm, priority rules and payment schedules. Leland
(1994) extends the model further to incorporate bankruptcy costs and taxes
which makes it possible to work with optimal capital structure.

The second generation structural-form models assume that default may oc-
cur any time between issuance and maturity of the debt. Default is triggered
as soon as the value of the Þrm�s assets reaches a lower threshold level. Often
these models are also called Þrst passage time models. Examples are the mod-
els of Kim, Ramaswamy & Sundaresan (1993), Longstaff & Schwartz (1995),
Briys & de Varenne (1997), Nielsen, Saà-Requejo & Santa-Clara (1993), and
Saá-Requejo & Santa-Clara (1997). For further details on these approaches see,
e.g., Schmid (2004).

Despite the immense efforts devoted to generalize Merton�s methodology, all
of these structural models have only limited success in explaining the behavior of
prices of debt instruments and credit spreads. It is well documented that struc-
tural models which are calibrated to histroical default rates and restricted to rea-
sonable risk-premia speciÞcations generate unrealistically low yield spreads for
investment-grade debt, especially for debt of short maturities (see, e.g., Huang
& Huang (2003) and Eom, Helwege & Huang (2003)). In addition, Eom et al.
(2003) show that the predictive power of structural models is very poor. They
Þnd that the mean absolute errors in spreads are more than 70% of the true
spread. Jones, Mason & Rosenfeld (1984) come to the same result. Most of
the structural models predict a humped shape for the term structure of credit
spreads. But Litterman & Iben (1991) Þnd evidence for increasing spread struc-
tures, Sarig & Warga (1989) for negative slope and Helwege & Turner (1999)
for positive slope in case of speculative grade debt. Lardic & Rouzeau (n.d.)
investigate whether structural models are able to reproduce the risk ranking of
obligors using corporate bond data of French Þrms. They Þnd that the the-
oretical prices do not reproduce the risk ranking in the market. But at least
they can show that the structural models are able to track changes in the credit
quality of obligors.

The problems of the structural approaches have led to attempts to use models
that make more direct assumptions about the default process. These alternative
approaches, called reduced-form models, don�t consider the relation between
default and asset value in an explicit way but model default as a stopping time of
some given hazard rate process, i.e. the default process is speciÞed exogenously.
This achieves two effects. The Þrst is that the model can be applied to situations
where the underlying asset value is not observable. Secondly, the default time is
unpredictable and therefore the behavior of credit spreads for short maturities
can be captured more realistically. In addition, the approach is very tractable
and ßexible to Þt the observed credit spreads. The family of reduced-form
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models originated with Jarrow & Turnbull (1992). Since that time a long list of
papers has appeared which follow this approach. Some of the most important
ones are the following. Jarrow & Turnbull (1995) present a model where default
is driven by a Poisson process with a constant intensity parameter and a given
payoff at default. In Lando (1994), Lando (1996), and Lando (1998) default
is driven by Cox processes, which can be thought of as Poisson processes with
random intensity parameters. Duffie & Singleton (1997) and Duffie & Singleton
(1998) show that valuation under the risk-adjusted probability measure can be
executed by discounting the non-defaultable payoff on the debt by a discount
rate that is adjusted for the parameters of the default process. Schönbucher
(1996) presents a generalization in a Heath-Jarrow-Morton framework1 that
allows for restructuring of defaulted debt and multiple defaults.

Empirical evidence concerning reduced-form models is rather limited. Duffee
(1999) Þnds that these models have difficulty in explaining the observed term
structure of credit spreads across Þrms of different credit risk qualities. Düll-
mann & Windfuhr (2000) consider speciÞc Vasicek and CIR type reduced form
models and show that both models fail to account for all observed shapes of the
credit spread structure.

There is a heated debate which class of models - structural or reduced-form
- is best (see, e.g., Jarrow, Deventer & Wang (2003)). Jarrow & Protter (2004)
compare structural and reduced-form models from an information based per-
spective. They claim that the models are basically the same - the only distinc-
tion between the two model types is not whether the default time is predictable
or inaccessible, but whether the information is observed by the market or not.
Structural models assume that the modeler has the same complete information
as the Þrm�s manager, whereas reduced-form models assume that the modeler
has the same incomplete information as the market. They conclude that for
pricing and hedging, reduced form models are the preferred methodology.

Hybrid models try to combine ideas of structural and reduced-form models
and to get rid of their drawbacks. Basically these models can be seen as a vari-
ant of reduced-form modeling with state variables. The conditional probability
of default is directly related to speciÞc macro- and/or microeconomic factors.
Microeconomic factors can contain Þrm speciÞc structural information. Impor-
tant examples are Madan & Unal (1998), Cathcart & El-Jahel (1998), Davydov,
Linetsky & Lotz (1999), Madan & Unal (2000), Schmid & Zagst (2000), and
Bakshi, Madan & Zhang (2001a). One of the factors that determine the credit
spread in the model of Schmid & Zagst (2000) is the so called uncertainty index
which can be understood as an aggregation of all information on the quality of
the Þrm currently available: The greater the value of the uncertainty process
the lower the quality of the Þrm. A similar idea to this uncertainty process was

1For an introduction to the Heath-Jarrow-Morton framework see, e.g., Heath, Jarrow &
Morton (1992).
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Þrst introduced by Cathcart & El-Jahel (1998) in form of a so called signal-
ing process. In their model default is explicitly driven by the signaling process
which is assumed to follow a geometric Brownian motion. The second underly-
ing process is the non-defaultable short rate which is assumed to follow a mean
reverting square root process. The model of Schmid & Zagst (2000) differs
from Cathcart and El-Jahel in several ways: First, they assume the underlying
non-defaultable short rate to follow either a mean reverting Hull-White process
or a mean-reverting square root process with time-dependent mean reversion
level. The uncertainty or signaling process is assumed to follow a mean revert-
ing square root process. Finally, in addition to the non-defaultable short rate
and the uncertainty index, they directly model the short rate spread process:
they assume that the spread between a defaultable and a non-defaultable bond
is considerably driven by the uncertainty index but that there may be addi-
tional factors which inßuence the level of the spreads: at least the contractual
provisions, liquidity and the premium demanded in the market for similar in-
struments have a great impact on credit spreads. The model of Schmid & Zagst
(2000) was empirically tested by Schmid & Kalemanova (2002) for German and
Italian sovereign bond data over a period of two years.

Based on these encouraging results for time histories up to two years we
want to further improve the model to make it more stable even for long term
horizons of ten years and more. Therefore, we extend the original three-factor
approach to a model where we directly consider the general state of the economy
in terms of GDP growth rates. We assume that the general state of the econ-
omy is an important factor for explaining interest rate and spread levels and
modeling systematic risks. In addition, we keep the uncertainty index to model
the Þrm-speciÞc default risk. We show that the additional factor in our model
has a signiÞcant impact on the quality of the model. By empirically comparing
the new model with other hybrid models we close a gap in the literature: So far
there are no empirical analyses systematically evaluating and comparing differ-
ent hybrid models. In different models the conditional probability of default and
the credit spread are directly related to speciÞc macro- and/or microeconomic
factors. We consider three speciÞc representatives: The model of Schmid &
Zagst (2000) as an example for the group of models where the spread is depen-
dent on a Þrm-speciÞc factor. The model of Bakshi et al. (2001a) which belongs
to the group of models where the spread depends on non-defaultable interest
rates and a Þrm-speciÞc factor and Þnally the extended model of Schmid and
Zagst who make the spread dependent on the general state of the economy and
a Þrm-speciÞc factor.

The rest of the paper is organized as follows. In Section 2 we present the
general market model and the data we use to test the different hybrid default-
able bond pricing models. In Sections 3, 4 and 5 we give an overview of the
model of Schmid & Zagst (2000), the extended model of Schmid and Zagst and
the approach of Bakshi et al. (2001a), respectively. For each model, we show
the closed form pricing formulas for defaultable and non-defaultable bonds and
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explain their main differences, especially with regards to their structure. In
addition, we estimate the parameters of all processes using Kalman Þlter meth-
ods as suggested by Schmid (2004). Finally, Section 6 shows the results of
empirically comparing the three models. We compare the performance of the
models by applying different in- and out-of sample tests. We calculate the aver-
age absolute pricing errors and the average coefficients of determination R2 to
measure how well the estimated changes in the defaultable and non-defaultable
zero rates can describe the actually observed rates. We close in Section 7 with
a short summary of our main Þndings.

2 Market Model and Data
In the following, we assume that markets are frictionless and perfectly compet-
itive, that trading takes place continuously, that there are no taxes, transaction
costs, or informational asymmetries, and that investors act as price takers. We
Þx a terminal time horizon T ∗. Uncertainty in the Þnancial market is mod-
eled by a complete probability space (Ω,F ,P) and a Þltration F = (Ft)0≤t≤T∗
which is in fact the P-completion of the Þltration FW generated by a multi-
dimensional standard Brownian motion W. We assume that there exist two
F-adapted processes, the short rate process r(t) and the short rate spread s(t),
as well as a F-stopping time T d which models the default time of an obligor.
For t ≥ 0 we deÞne the default indicator function as H(t) = 1{Td≤t} and the
survival indicator function as L(t) = 1 −H(t). We can invest in the following
instruments:

� The non-defaultable money market account deÞned by

B(t) = e
R t
0
r(l)dl,

which we take as numéraire.

� Non-defaultable zero-coupon bonds with face value 1 and maturities T ∈
[0, T ∗], whose price processes are denoted by (P (t, T ))0≤t≤T .

� Defaultable zero-coupon bonds with face value 1 and maturities T ∈ [0, T ∗]
that pay 1 at maturity T, if there has been no default before time T, and
the recovery rate z

¡
T d
¢
(expressed as fraction of the market value of the

bond just prior to default) at default T d, if T d ≤ T.We assume that z (t)
is a Ft-adapted, continuous process with z (t) ∈ [0, 1) for all t and denote
the price processes of defaultable zero-coupon bonds by

¡
P d(t, T )

¢
0≤t≤T .

� The defaultable money market account which is deÞned by

Bd(t) =

µ
1+

Z t

0

(z(l)− 1)dH(l)
¶
e
R t
0
r(l)+s(l)L(l)dl.
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We assume that there exists a measure Q ∼ P such that all discounted price
processes of the Þnancial instruments in our market are Q-martingales. Then
under the measure Q the prices of the Þnancial instruments can be calculated
as conditional expected values of the discounted future payoffs, i.e.

P (t, T ) = EQ
³
e−

R T
t
r(l)dl

¯̄̄
Ft
´

(1)

and

Pd(t, T ) = 1{t<min(Td,T )} ·

EQ
ÃZ T

t

e−
R u
t
r(l)dlz(u)P d−(u, T )dH(u) + e

− R T
t
r(l)dlL(T )

¯̄̄̄
¯Ft

!
.

Given some technical integrability conditions for r and s (see, e.g., Schmid
(2004)), it can be shown that for t < min(T d, T ), P d(t, T ) can be expressed as

P d(t, T ) = EQ
h
e−

R T
t
(r(l)+s(l))dl

¯̄̄
Ft
i
. (2)

In the following sections we show three different examples how to choose r
and s. First we introduce the original three-factor model of Schmid & Zagst
(2000), then we show their extended four-factor model and Þnally we give an
overview of the approaches of Bakshi et al. (2001a). We determine the pricing
formulas of defaultable zero-coupon bonds in the three approaches, estimate
their parameters based on the same data set and empirically compare the per-
formance of the three models.

To empirically compare different defaultable term-structure models we use
time series of defaultable and non-defaultable zero rates for maturities of 3 and
6 months as well as 1 year, 2, 3, 4, 5, 7, 10, 20, and 30 years. As our main data
source we use Bloomberg. All prices are in US dollars so that we do not have
to deal with currency risks at all. For the non-defaultable zero rates we use US
Treasury Strips (see Figure 1).
For defaultable zero rates we consider average rates of American Industrials

of the two rating classes A2 and BBB1 (see Figures 2 and 3).
The high spread levels in 1998 may be explained by the Asian and Russian

crisis, and the increase in 2001 by September 11 and the market crash of 2001−
02.We use weekly data from October 1, 1993, until August 15, 2003. These are
515 observations. For parameter estimations we use the Þrst 400 data points,
the remaining data we use for out-of-sample tests. All parameters are estimated
using Kalman Þlter methodologies as suggested, e.g., by Schmid (2004). In
addition to the interest rate data, we consider quarterly growth rates of the
US GDP. As there is no monthly data observable we generate monthly from
quarterly data by cubic spline interpolation. For all our estimations we use the
software package S-PLUS Þnmetrics.
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1993 � 2003. Source: Bloomberg.
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Figure 3: 1- To 10-Year Credit Spreads of US Industrials BBB1 in %. Time
Period: 1993 � 2003. Source: Bloomberg.

3 The Model of Schmid and Zagst

In the following section we give a short overview of the Schmid and Zagst
three-factor defaultable term structure model. As a typical hybrid model it
combines elements of structural and reduced-form models. The underlying non-
defaultable short rate is assumed to either follow a mean reverting Hull-White
process or a mean-reverting square root process with time-dependent mean re-
version level. Therefore, the dynamics of the non-defaultable short rate are
given by the following stochastic differential equation (SDE):

dr (t) = [θr (t)− arr (t)] dt+ σrr (t)β dWr (t) , 0 ≤ t ≤ T ∗, (3)

where ar, σr > 0 are positive constants, β = 0 or 1
2 , and θr is a non�negative

valued deterministic function. This speciÞcation implies that the current rate
r (t) is pulled towards θr(t)

ar
with a speed of adjustment ar, and if β = 1

2 the
instantaneous variance of the change in the rate is proportional to its level.
One of the factors that determine the credit spread is the so called uncer-

tainty index which can be understood as an aggregation of all information on the
quality of the Þrm currently available: The greater the value of the uncertainty
process the lower the quality of the Þrm. The uncertainty or signaling process
is assumed to follow a mean reverting square root process. The development of
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the uncertainty index is given by the following stochastic differential equation:

du (t) = [θu − auu (t)] dt+ σu
p
u (t)dWu (t) , 0 ≤ t ≤ T ∗, (4)

where au, σu > 0 are positive constants and θu is a non�negative constant.
The dynamics of the short rate spread (the short rate spread is supposed to

be the defaultable short rate minus the non-defaultable short rate) is given by
the following stochastic differential equation:

ds (t) = [bsu (t)− ass (t)] dt+ σs
p
s (t)dWs (t) , 0 ≤ t ≤ T ∗, (5)

where as, bs,σs > 0 are positive constants. Therefore, the uncertainty index
has a great impact on the mean reversion level of the short rate spread.
Additionally, it is assumed that

Cov (dWr (t) , dWs (t)) = Cov (dWr (t) , dWu (t))

= Cov (dWs (t) , dWu (t)) = 0.

Although Schmid and Zagst assume uncorrelated standard Brownian motions
Wr, Ws, and Wu, the short rate spread s (t) and the uncertainty index u (t)
are correlated through the stochastic differential equation for the short rate
spread. Note, that the system of stochastic differential equations as given by
Equations (3) - (5), has a unique strong solution for each given initial value
(r0, u0, s0)

0 ∈ R3. If we now deÞne a progressively measurable process γ(t) =
(γr(t), γu(t), γs(t))

0 such that

γr (t) = λrσrr
1−β
t ,

γu (t) = λuσu
p
u (t), and

γs (t) = λsσs
p
s (t), 0 ≤ t ≤ T ∗,

for real constants λr, λu, λs, by applying Girsanov�s theorem we can show that

cW (t) =W (t) + Z t

0

γ(l)dl

is a standard Brownian motion under the measure Q. Then the Q-dynamics of
r, s, and u are given by

dr (t) = [θr (t)− �arr (t)] dt+ σrr (t)β d �Wr (t) , (6)

ds (t) = [bsu (t)− �ass (t)] dt+ σs
p
s (t)d �Ws (t) , (7)

du (t) = [θu − �auu (t)] dt+ σu
p
u (t)d �Wu (t) , 0 ≤ t ≤ T ∗, (8)

where �ai = ai+λiσ2i . Using Equation (1) and Equation (6) we can calculate the
price of a non-defaultable zero-coupon bond in the Schmid and Zagst model:

Theorem 1 (Price of a non-defaultable zero-coupon bond) The time t
price of a non-defaultable zero-coupon bond with maturity T is given by

P (t, T ) = EQ
h
e−

R T
t
r(l)dl

¯̄̄
Ft
i
= P (t, T, r(t)),
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where
P (t, T, r) = eA(t,T )−B(t,T )r

with

B (t, T ) =

(
1
�ar

£
1− e−�ar(T−t)¤ , if β = 0,

1−e−δr(T−t)
κ
(r)
1 −κ(r)2 e−δr(T−t)

, if β = 1
2 ,

, and, (9)

lnA (t, T ) =



R T
t

³
1
2σ

2
rB (τ , T )

2 − θr (τ)B (τ , T )
´
dτ

= ln P (0,T )P (0,t) −B (t, T ) ∂ lnP (0,t)∂t

− σ2r
4�a3r

¡
e−�arT − e−�art¢2 ¡e2�art − 1¢ , if β = 0,

− R Tt θr (τ)B (τ , T ) dτ , if β = 1
2 ,

(10)

with

δx =
p
�a2x + 2σ

2
x and κ

(x)
1/2 =

�ax
2
± 1
2
δx. (11)

Proof.
See, e.g., Hull & White (1990).

Using Equation (2) and Equations (6) - (8) we can calculate the price of a
defaultable zero-coupon bond in the Schmid and Zagst model:

Theorem 2 (Price of a defaultable zero-coupon bond) The price of a de-
faultable zero-coupon bond at time t < min(T d, T ) is given by

Pd(t, T ) = EQ
h
e−

R T
t
(r(l)+s(l))dl

¯̄̄
Ft
i
= P d(t, T, r(t), s(t), u(t)),

where
P d(t, T, r, s, u) = eA

d(t,T )−B(t,T )r−Cd(t,T )s−Dd(t,T )u (12)

with

Cd (t, T ) =
1− e−δs(T−t)

κ
(s)
1 − κ(s)2 e−δs(T−t)

,

Dd (t, T ) =
−2v0 (t, T )
σ2uv (t, T )

,

lnAd (t, T ) = lnA (t, T ) +
2θu
σ2u

ln

¯̄̄̄
v (T, T )

v (t, T )

¯̄̄̄
,

where v (t, T ) is a complicated function given in the appendix.

Proof.
See, e.g., Schmid & Zagst (2000).

If we estimate the parameters (for the case β = 0 and bs = 1) using the
data speciÞed in Section 2 by application of Kalman Þlter techniques we get the
estimates as speciÞed in Tables 1 and 2.
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Table 1: Results of the parameter estimations for the process r in the model
of Schmid and Zagst using non-defaultable weekly bond data from October 1,
1993, until June 1, 2001.

ar 0.11442
σr 0.00830
�ar 0.03672

Table 2: Results of the parameter estimations for the processes s and u in the
model of Schmid and Zagst using defaultable weekly bond data of American
Industrials for the rating classes A2, and BBB1 from October 1, 1993, until
June 1, 2001.

BBB1 A2
as 1.34760 1.19995
σs 0.0616900 0.0050424
au 0.04683 0.19990
σu 0.0363922 0.0011206
θu 0.0003147 0.001886
�as 0.96698 0.94569
�au 0.00710 0.19613

Based on these parameter estimates we can calculate the mean reversion
levels of the stochastic processes. For r we get an average mean reversion level
of 6.11%. Note, that the average observed 3-month rate is approximately 5.12%.
For rating categories BBB1 and A2 the mean reversion levels of u are 67 bp
and 94 bp. For s the BBB1 and A2 mean reversion levels are 63 bp and 41
bp, respectively. These numbers are rather intuitive as the average 3-month
spreads for rating categories BBB1 and A2 approximately equal 76 bp and 59
bp, respectively.

4 The Extended Model of Schmid and Zagst
The extended model of Schmid and Zagst is a four-factor model which considers
macro- as well as microeconomic factors:

� For the non-defaultable short rate r a two-factor Hull-White type model
is used, i.e. the dynamics of the non-defaultable short rate are given by

dr(t) = (θr(t) + brw(t)− arr(t)) dt+ σrdWr(t), (13)

dw(t) = (θw − aww(t)) dt+ σwdWw(t). (14)
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ar, br, σr, aw, σw, au are positive constants, θw is a non-negative constant
and θr is a continuous, deterministic function. Unlike in other models w
is not assumed to be unobservable, but w is Þtted to the GDP growth rate
of the previous quarter year. The idea is to directly model the dependence
of interest rate levels on general economic conditions.

� The dynamics of the short rate spread are expressed according to
ds(t) = (θs + bsuu(t)− bsww(t)− ass(t)) dt+ σsdWs(t), (15)

du(t) = (θu − auu(t)) dt+ σudWu(t). (16)

ar, br, σr, aw, σw, au, σu, bsu, bsw, as, σs are positive constants, θw, θu,
θs are non-negative constants, θr is a continuous, deterministic function,
and W = (Wr,Ww,Wu,Ws)

0 is a four-dimensional standard Brownian
motion on the Þltered probability space (Ω,F ,F,P). The drift of the
short rate spread s depends on the two additional factors u and w. For the
systematic factor w the interpretation is as follows: Spreads usually widen
in bearish markets and tighten in bullish markets. E.g., the yearly US
GDP growth rates and the default probabilities2 of BBB rated bonds show
a negative correlation of −0.49 based on data between 1990 and 2002. u
is the unceratinty index which incorporates (in addition to the systematic
factor w) a Þrm speciÞc (or rating speciÞc) component of default risk to
the spread process.

Note that the system of stochastic differential equations as given by Equa-
tions (13) - (16), has a unique strong solution for each given initial value
(r0, w0, u0, s0)

0 ∈ R4. If we now deÞne a progressively measurable process γ(t) =
(γr(t), γw(t), γu(t), γs(t))

0 such that

γr(t) = λrσrr(t),

γw(t) = λwσww(t),

γu(t) = λuσuu(t),

γs(t) = λsσss(t),

for real constants λr, λw, λu, λs, by applying Girsanov�s theorem we can show
that cW (t) =W (t) + Z t

0

γ(l)dl

is a standard Brownian motion under the measure Q. Then the Q-dynamics of
r, w, s, and u are given by

dr(t) = (θr(t) + brw(t)− �arr(t)) dt+ σrdcWr(t), (17)

dw(t) = (θw − �aww(t)) dt+ σwdcWw(t), (18)

ds(t) = (θs + bsuu(t)− bsww(t)− �ass(t)) dt+ σsdcWs(t), (19)

du(t) = (θu − �auu(t)) dt+ σudcWu(t), (20)
2Source: S & P Rating Transitions
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where �ai = ai+λiσ2i , i = r,w, u, s. Using Equation (1) and Equations (17) and
(18) we can calculate the price of a non-defaultable zero-coupon bond in the
extended Schmid and Zagst model:

Theorem 3 (Price of a non-defaultable zero-coupon bond) The time t
price of a non-defaultable zero-coupon bond with maturity T is given by

P (t, T ) = EQ
h
e−

R T
t
r(l)dl

¯̄̄
Ft
i
= P (t, T, r(t), w(t)),

where
P (t, T, r, w) = eA(t,T )−B(t,T )r−E(t,T )w

with

B(t, T ) =
1

�ar

³
1− e−�ar(T−t)

´
,

E(t, T ) =
br
�ar

µ
1− e−�aw(T−t)

�aw
+
e−�aw(T−t) − e−�ar(T−t)

�aw − �ar

¶
,

A(t, T ) =

Z T

t

1

2
σ2rB(l, T )

2 +
1

2
σ2wE(l, T )

2 − θr(l)B(l, T )− θwE (l, T ) dl.

Proof.
Special case of the two-factor Hull-White model (see Hull & White (1994)).

Using Equation (2) and Equations (17) - (20) we can calculate the price of
a defaultable zero-coupon bond in the extended Schmid and Zagst model:

Theorem 4 (Price of a defaultable zero-coupon bond) The price of a de-
faultable zero-coupon bond at time t < min(T d, T ) is given by

P d(t, T ) = EQ
h
e−

R T
t
(r(l)+s(l))dl

¯̄̄
Ft
i
= Pd(t, T, r(t), w(t), s(t), u(t)),

where

P d(t, T, r, w, s, u) = eA
d(t,T )−B(t,T )r−Ed(t,T )w−Cd(t,T )s−Dd(t,T )u (21)
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with

B(t, T ) =
1

�ar

³
1− e−�ar(T−t)

´
,

Cd(t, T ) =
1

�as

³
1− e−�as(T−t)

´
,

Dd(t, T ) =
bsu
�as

µ
1− e−�au(T−t)

�au
+
e−�au(T−t) − e−�as(T−t)

�au − �as

¶
,

Ed(t, T ) =
br
�ar

µ
1− e−�aw(T−t)

�aw
+
e−�aw(T−t) − e−�ar(T−t)

�aw − �ar

¶
−bsw
�as

µ
1− e−�aw(T−t)

�aw
+
e−�aw(T−t) − e−�as(T−t)

�aw − �as

¶
,

Ad(t, T ) =

Z T

t

1

2

¡
σ2sC

d(l, T )2 + σ2uD
d(l, T )2 + σ2wE

d(l, T )2 + σ2rB(l, T )
2
¢

−θr(l)B(l, T )− θsCd(l, T )− θwEd(l, T )− θuDd(l, T )dl.
Proof.
See appendix.

Based on the formulas for defaultable and non-defaultable zero-coupon bonds
we can easily calculate the yields to maturity R (t, T ) and Rd (t, T ) of defaultable
and non-defaultable bonds as well as the yield spread S (t, T ) of defaultable
bonds to non-defaultable bonds:

R (t, T ) = −A(t, T )
T − t +

B(t, T )

T − t r +
E(t, T )

T − t w,

Rd (t, T ) = −A
d(t, T )

T − t +
B(t, T )

T − t r

+
Ed(t, T )

T − t w +
Cd(t, T )

T − t s+
Dd(t, T )

T − t u,

and

S (t, T ) =
A(t, T )

T − t −
Ad(t, T )

T − t
+

µ
Ed(t, T )−E(t, T )

T − t
¶
w

+
Cd(t, T )

T − t s+
Dd(t, T )

T − t u.

R (t, T ) depends on the GDP growth rate w with a positive weightE(t, T )/(T−
t). The model considers the empirically observable relationship between in-
terest rates and the general condition of the economy in a reasonable way.
S (t, T ) depends on the GDP growth rate w with a negative weight (Ed(t, T )−
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E(t, T ))/(T − t). Therefore, w ensures the empirically validated negatively cor-
related relationship between spreads and non-defaultable short rates (see also
Bakshi, Madan & Zhang (2001b)).

If we estimate the parameters using the data speciÞed in Section 2 by appli-
cation of Kalman Þlter techniques we get the estimates as speciÞed in Tables 3
and 4.

Table 3: Results of the parameter estimations for the processes r and w in the
extended model of Schmid and Zagst using non-defaultable weekly bond data
from October 1, 1993, until June 1, 2001.

ar 0.07126031
br 0.2031278
σr 0.01290358
θw 0.018568731
aw 1.4138771
σw 0.007910019
�ar 0.04451966
�aw 0.5452068

Table 4: Results of the parameter estimations for the processes s and u in the
extended model of Schmid and Zagst using defaultable weekly bond data of
American Industrials for the two rating classes A2, and BBB1 from October 1,
1993, until June 1, 2001.

BBB1 A2
as 2.162156 2.496033
σs 0.005695275 0.006523313
θs 0.01395854 0.01336436
bsw 0.003609893 0.003945365
au 0.1699309 0.1740752
σu 0.001979507 0.002001751
θu 0.0003443516 0.0003037360
�as 1.019342 1.053337
�au 1.017012·10−6 3.31995·10−6

Based on these parameter estimates we can calculate the mean reversion
levels of the stochastic processes. For w we get 1.31%, for r we get an average
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mean reversion level of 5.21%. These values are quite intuitive as the average
observed GDP growth rate is around 1.37% and the average observed 3−month
rate is approximately 5.12%. For rating categories BBB1 and A2 the mean
reversion levels of u are 20 bp, 17 bp, and for s 74 bp, 60 bp, respectively.
These numbers are rather intuitive as the average 3−month spreads for rating
categories BBB1 and A2 approximately equal 76 bp and 59 bp, respectively,
i.e. decrease for ratings of higher quality.

5 The Model of Bakshi, Madan and Zhang

In the model of Bakshi et al. (2001a) uncertainty is modeled with a three-
dimensional standard Brownian motion W = (Wr,Ww,Wu)

0 on the Þltered
probability space (Ω,F ,F,P). The dynamics of the non-defaultable short rate
are described by a two-factor model

dr(t) = (w(t)− arr(t)) dt+ σr
q
1− ρ2r,wdWr(t) + σrρr,wdWw(t), (22)

dw(t) = (θw − aww(t)) dt+ σwdWw(t), (23)

where ar, aw, σr, and σw, are positive constants, θw ≥ 0 and |ρr,w| < 1. The
mean reversion level of the short rate r is dependent on w. w is assumed to be
unobservable. The short rate spread is modeled according to

ds(t) = (Λr − 1)dr(t) + Λudu(t), (24)

where u is given by

du(t) = (θu − auu(t)) dt+ σu
ρr,uq
1− ρ2r,w

dWr(t) + σu

s
1− ρ2r,u

1− ρ2r,w
dWu(t).

(25)
au and σu are positive constants, θu ≥ 0, and ρ2r,u < 1 − ρ2r,w. Therefore,
the short rate spread is driven by a factor describing the general state of the
economy and a Þrm speciÞc component. Bakshi et al. (2001b) use for u Þrm
speciÞc data like stock prices. Note that the system of stochastic differential
equations as given by Equations (22) - (25) has a unique strong solution for
each given initial value (r0, w0, s0, u0)

0 ∈ R4. If we now deÞne a progressively
measurable process γ(t) = (γr(t), γw(t), γu(t))

0 such that

γw(t) = λwσww(t),

γr(t) = λrσrr(t)−
ρr,wq
1− ρ2r,w

γw(t),

γu(t) = λuσuu(t)−
ρr,u√
1−ρ2r,wr

1− ρ2r,u
1−ρ2r,w

γr(t) = λuσuu(t)−
ρr,uq

1− ρ2r,w − ρ2r,u
γr(t)
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for real constants λr, λw, λu, by applying Girsanov�s theorem we can show that

cW (t) =W (t) + Z t

0

γ(l)dl

is a standard Brownian motion under the measure Q. Then the Q-dynamics of
r, w, s, and u are given by

dr(t) = (w(t)− �arr(t)) dt+ σr
q
1− ρ2r,wdcWr(t) + σrρr,wdcWw(t),

dw(t) = (θw − �aww(t)) dt+ σwdcWw(t),

ds(t) = (Λr − 1)dr(t) + Λudu(t),

du(t) = (θu − �auu(t)) dt+ σu
ρr,uq
1− ρ2r,w

dcWr(t) + σu

s
1− ρ2r,u

1− ρ2r,w
dcWu(t),

where �ar = ar+λrσ2r
q
1− ρ2r,w, �aw = aw+λwσ2w, and �au = au+λuσ2u

r
1− ρ2r,u

1−ρ2r,w .

Using Equation (1) and Equations (17) and (18) we can calculate the price of a
non-defaultable zero-coupon bond in the model of Bakshi, Madan and Zhang:

Theorem 5 (Price of a non-defaultable zero-coupon bond) The time t
price of a non-defaultable zero-coupon bond with maturity T is given by

P (t, T ) = EQ
h
e−

R T
t
r(l)dl

¯̄̄
Ft
i
= P (t, T, r(t), w(t)),

where
P (t, T, r, w) = eA(t,T )−B(t,T )r(t)−E(t,T )w(t)

with

B(t, T ) =
1

�ar

³
1− e−�ar(T−t)

´
,

E(t, T ) =
1

�ar

µ
1− e−�aw(T−t)

�aw
+
e−�aw(T−t) − e−�ar(T−t)

�aw − �ar

¶
,

A(t, T ) =

Z T

t

1

2
σ2rB(l, T )

2 +
1

2
σ2wE(l, T )

2 + σrρr,wσwB(l, T )E(l, T )

−θwE (l, T ) dl.
Proof.
See Bakshi et al. (2001b).

Theorem 6 (Price of a defaultable zero-coupon bond) The price of a de-
faultable zero-coupon bond at time t < min(T d, T ) is given by

P d(t, T ) = EQ
h
e−

R T
t
Λ0+Λrr(l)+Λuu(l)dl

¯̄̄
Ft
i
= P d(t, T, r(t), w(t), u(t)),
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where

Pd(t, T, r, w, u) = eA
d(t,T )−Bd(t,T )r(t)−Ed(t,T )w(t)−Dd(t,T )u(t) (26)

with

Bd(t, T ) =
Λr
�ar

³
1− e−�ar(T−t)

´
,

Dd(t, T ) =
Λu
�au

³
1− e−�au(T−t)

´
,

Ed(t, T ) =
Λr
�ar

µ
1− e−�aw(T−t)

�aw
+
e−�aw(T−t) − e−�ar(T−t)

�aw − �ar

¶
,

Ad(t, T ) =

Z T

t

1

2

¡
σ2uD

d(l, T )2 + 2σuρr,uσrB
d(l, T )Dd(l, T )

+σ2wE
d(l, T )2 + σ2rB

d(l, T )2 + 2σrρr,wσwB
d(l, T )Ed(l, T )

¢
−θuDd(l, T )− θwEd(l, T )− Λ0dl.

Proof.
See appendix.

Similar to the extended model of Schmid and Zagst the non-defaultable short
rate and the short rate spread are negatively correlated (in all our parameter
estimations Λr is always between 0 and 1).

Note that

ds(t) = (Λr − 1)dr(t) + Λudu(t)
= (Λuθu + (Λr − 1) (w(t)− arr(t))− Λuauu(t)) dt+ σsdZs(t)
= (θs − bsww(t) + bsuu(t)− ass(t)) dt+ σsdZs(t),

where θs = Λ0ar + Λuθu, bsu = Λu (ar − au), bsw = 1− Λr, as = ar, and Zs is
the Itô-process given by

σsdZs(t) =

(Λr − 1)σrq1− ρ2r,w + Λuσu ρruq
1− ρ2r,w

dWr(t)

+(Λr − 1)σrρr,wdWw

+Λuσu

s
1− ρ2ru

1− ρ2r,w
dWu(t).

Therefore, there is a close relationship between the stochastic differential equa-
tion for s in the model of Bakshi, Madan and Zhang and the one in the extended
model of Schmid and Zagst.
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Table 5: Results of the parameter estimations for the processes r and w in the
model of Bakshi, Madan and Zhang using non-defaultable weekly bond data
from October 1, 1993, until June 1, 2001.

ar 0.1148954
ρr,w -0.3162099
σr 0.01131460
θw 0.001181332
aw 0.1827164
σw 0.003770599
�ar 0.02235351
�aw 0.4031626

Table 6: Results of the parameter estimations for the processes s and u in
the model of Bakshi, Madan and Zhang using defaultable weekly bond data of
American Industrials for the two rating classes BBB1 and A2 from October 1,
1993, until June 1, 2001.

BBB1 A2
au 0.8319099 0.6573920
σu 0.002652917 0.002251548
θu 0.0006284389 0.0005292102
ρr,u 0.5860846 0.5578109
Λr 0.8334248 0.8665440
�au 2.573223·10−6 3.151313·10−6

If we estimate the parameters using the data speciÞed in Section 2, by ap-
plication of Kalman Þlter techniques we get the estimates as speciÞed in Tables
5 and 6.

Based on these parameter estimates we can calculate the mean reversion lev-
els of the stochastic processes. For w we get 0.65%, for r we get an average mean
reversion level of 5.62%. This value is quite intuitive as the average observed
3-month rate is approximately 5.12%. For rating categories BBB1 and A2 the
mean reversion levels of u are 8 bp, 8 bp, and for s 81 bp, 57 bp, respectively.
These numbers are rather intuitive as the average 3-month spreads for rating
categories BBB1 and A2 approximately equal 76 bp and 59 bp, respectively,
i.e. decrease for ratings of higher quality.
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6 Comparison of the Model Performance

6.1 Absolute Deviation of Model from Market Prices

As a Þrst empirical analysis we compare the average absolute deviations of
the model prices of non-defaultable bond yields and credit spreads from their
observed market prices. We use monthly data from October 1, 1993, to June 1,
2001, for an in-sample test and June 1, 2001, to August 15, 2003, for an out-of
sample test. We consider non-defaultable bond yields and credit spreads of the
following maturities: 3 and 6 months as well as 1 year, 2, 3, 4, 5, 7, 10, 20, and
30 years.

� In the extended model of Schmid and Zagst w is observable, whereas
in the model of Bakshi, Madan and Zhang it is unobservable. Schmid
and Zagst Þt w to the GDP growth rates and r to non-defaultable interest
rates (using observed values of P ). Bakshi, Madan and Zhang estimate the
parameters of r as well as w such that they match the market prices of the
non-defaultable bonds giving them more degrees of freedom. Therefore,
the average absolute deviation is slightly smaller than in the extended
and largest in the original model of Schmid and Zagst. The results of the
in-sample and out-of sample tests are given in Tables 7 and 8, respectively.

� In case of the spreads the extended Model of Schmid and Zagst performs
better than the other two models for all rating classes. The additional
factor u helps to better match the observed data. The advantage is even
greater in case of the out-of-sample test where the errors in the model of
Bakshi, Madan and Zhang grow above average.

Table 7: Average absolute deviations (in-sample, in bp) of the model and market
prices of US Treasury Strips and spreads of different rating classes. We used
data from October 1, 1993, to June 1, 2001.

Rating Category SZ Ext. SZ Bakshi et al
Industrials BBB1 8.742 8.229 10.812
Industrials A2 9.970 6.212 8.715
Treasury Strips 18.687 17.404 11.415

6.2 Titman & Torous Test

As a second analysis we apply the test of Titman & Torous (1989) to the different
models. The idea is to consider how well observed changes in the zero rates and
spreads are explained by their model prices. Therefore, let ∆Rk(τ) denote the
observed change in zero rates for maturity τ , i.e. for 2 ≤ k ≤ n,

∆Rk(τ) = R(tk, tk + τ)−R(tk−1, tk−1 + τ),
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Table 8: Average absolute deviations (out-of-sample, in bp) of the model and
market prices of US Treasury Strips and spreads of different rating classes. We
used data from June 1, 2001, to August 15, 2003.

Rating Categories SZ Ext. SZ Bakshi et al
Industrials BBB1 14.296 16.423 23.154
Industrials A2 10.133 8.976 16.887
Treasury Strips 84.627 91.265 19.366

and ∆ �Rk(τ) the theoretical model price implied by the parameter estimations.
The test is based on a linear regression:

∆Rk(τ) = a+ b∆ �Rk(τ) + ²k; ²k ∼ N
¡
0, h2

¢
.

For a model to come off well a and b should be close to 0 and 1, respectively.
We report the R2 values for each regression and look at F -tests against the null
hypotheses a = 0 and (a = 0, b = 1). The results for the extended model of
Schmid and Zagst are given in Tables 16 and 17. The results for the model of
Bakshi, Madan and Zhang are shown in Tables 18 and 19. The results of the
F -test against the hypothesis a = 0 are encouraging throughout. The quality
of the results for (a = 0, b = 1) is highly dependent on the maturity τ . In
the same way we regress observed spread changes ∆Sk(τ) against theoretical
model spreads ∆ �Sk(τ). The R2 values averaged over all maturities we have
considered are given in Table 9 for the in-sample time period and in Table 10
for the out-of-sample time period.

Table 9: Average R2 values (in-sample) of the different models based on data
from October 1, 1993, to June 1, 2001.

Rating Class SZ Ext. SZ Bakshi et al
Industrials BBB1 0.376 0.426 0.306
Industrials A2 0.297 0.464 0.346
Treasury Strips 0.743 0.817 0.878

� The results of the regression tests for Treasury Strips support that the
model of Bakshi, Madan and Zhang performs slightly better for non-
defaultable rates than the original and extended model of Schmid and
Zagst.

� Based on the regression tests for the spreads the extended model of Schmid
and Zagst performs best not only in the sense of average values as given in
Tables 9 and 10 but even for all maturities. This model is better capable
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Table 10: Average R2 values (out�of-sample) of the different models based on
data from October 1, 1993, to June 1, 2001.

Rating Class SZ Ext. SZ Bakshi et al
Industrials BBB1 0.394 0.416 0.326
Industrials A2 0.300 0.422 0.264
Treasury Strips 0.737 0.769 0.824

of modeling the structural differences of bond prices through time. This
is caused by the greater ßexibility of the spread process. Our empirical
analysis shows that the short rate spread s has a higher correlation with
short rate interest rates, whereas the uncertainty index u has a higher
correlation with long term interest rates (see Table 12).

Table 11: Correlations of the processes s and u in the model of Schmid and
Zagst with the observed BBB1 spreads for different maturities.

Observed spreads with maturities (in years)
0.25 0.5 1 2 3 4 5 7 10 20 30

s 0.84 0.89 0.82 0.62 0.55 0.47 0.46 0.42 0.44 0.39 0.42
u 0.61 0.63 0.83 0.94 0.97 0.96 0.99 0.99 0.98 0.98 0.98

Table 12: Correlations of the processes s and u in the extended model of Schmid
and Zagst with the observed BBB1 spreads for different maturities.

Observed spreads with maturities (in years)
0.25 0.5 1 2 3 4 5 7 10 20 30

s 0.84 0.90 0.86 0.69 0.62 0.53 0.53 0.49 0.50 0.45 0.48
u 0.63 0.65 0.84 0.94 0.97 0.96 0.98 0.99 0.98 0.99 0.98

� This result is further backed by the behavior of the functions Cd(t, T )/(T−
t) and Dd(t, T )/(T − t) (that basically show the dependence of S (t, T ) on
s and u) for Þxed t. While both functions converge to 0 as T tends to
∞, they show a different behavior in the time interval relevant for us (see
Figures 6 and 7): Cd(t, T )/(T − t) is monotonically decreasing towards 0,
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Table 13: Correlations of the process s in the model of Bakshi, Madan and
Zhang with the observed BBB1 spreads for different maturities.

Observed spreads with maturity (in years)
0.25 0.5 1 2 3 4 5 7 10 20 30

u 0.79 0.80 0.90 0.92 0.94 0.90 0.92 0.92 0.94 0.92 0.92

while Dd(t, T )/(T−t) is monotonically increasing. Therefore, short matu-
rity spreads highly depend on s, while long term spreads highly depend on
u. Such (from a structural perspective) interesting result cannot be found
in the model of Bakshi, Madan und Zhang, as in this model only one fac-
tor is Þtted to the observed spreads and the dependence structure changes
only minimal over different maturities (see Figure 8). In addition, this
factor has a smaller correlation with the short term spreads than the fac-
tor s in the extended model of Schmid and Zagst and a smaller correlation
with the long term spreads than the factor u (see Table 13)

6.3 Uncertainty Indices vs. Historical Default Probabili-
ties

Figures 9 and 10 show that the mean reversion levels of s in the original and
extended model of Schmid and Zagst and the process u in the model of Bakshi,
Madan and Zhang are good measures for the average default probability of the
speciÞc rating class. E.g., in case of rating category BBB1 in the original and
the extended model of Schmid and Zagst the empirical correlation of the mean
reversion level of s and the average historical default probabilities equals 0.65. In
the model of Bakshi, Madan and Zhang the corresponding empirical correlation
of the two time series equals 0.57.

7 Concluding Remarks

We have presented a new hybrid four-factor model and have compared its per-
formance to other hybird models. The model is a straight forward extension of
our three-factor model. We expicitly model Þrm-speciÞc as well as systematic
credit risk. With regards to the ability to explain observed credit spreads the
four-factor model is superior to the three-factor model and the model of Bakshi
et al. (2001a).
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Figure 6: Plot of the function Dd(t,T )
T−t from the extended model of Schmid and

Zagst dependent on T − t for rating class BBB1and A2. This function shows
how Rd(t, T ) depends on u(t). The plot is standardized with the mean reversion
levels of u.
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how Rd(t, T ) depends on s(t). The plot is standardized with the mean reversion
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this function shows how S(t, T ) depends on u(t). The plot is standardized with
the mean reversion level of u.
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Figure 9: Historical average default probabilities of rating category A (from
Standard and Poor�s), mean reversion level of process s in the original model of
Schmid and Zagst, mean reversion level (θs − bsww(t) + bsuu(t))/as of process
s in the extended model of Schmid and Zagst, and process u in the model of
Bakshi, Madan and Zhang, all based on our parameter estimates for A2 rated
corporate bonds (data used for estimation: October 1, 1993 − June 1, 2001).
The mean reversion levels of s are appropriately scaled. The horizontal axis is
scaled in years, time 0 is October 1, 1993.
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Figure 10: Historical average default probabilities of rating categoryBBB (from
Standard and Poor�s), mean reversion level of process s in the original model of
Schmid and Zagst, mean reversion level (θs − bsww(t) + bsuu(t))/as of process
s in the extended model of Schmid and Zagst, and process u in the model of
Bakshi, Madan and Zhang, all based on our parameter estimates for BBB1
rated corporate bonds (data used for estimation: October 1, 1993 − June 1,
2001). The mean reversion levels of s are appropriately scaled. The horizontal
axis is scaled in years, time 0 is October 1, 1993.
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and F (a, b, c, z) is the hypergeometric function3. In addition,
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3The hypergeometric function, usually denoted by F , has series expansion

F (a, b, c, z) =
∞X
k=0

(a)k (b)k
(c)k

zk

k!
,

where(a)0 = 1, (a)n = a (a+ 1) (a+ 2) ... (a+ n− 1) , n ∈ IN, and is the solution of the
hypergeometric differential equation

z (1− z) y00 + [c− (a+ b+ 1) z] y0 − aby = 0.
The hypergeometric function can be written as an integral

F (a, b, c, z) =
Γ (c)

Γ (b)Γ (c− b)
Z 1

0
tb−1 (1− t)c−b−1 (1− tz)−a dt, (c > b > 0) ,

and is also known as the Gauss series or the Kummer series.
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and ϕ1 = ϕ1 (T, T ) and ϕ2 = ϕ2 (T, T ) .

B Proof of Theorem 4

By the theorem of Feynman Kac P d is the solution to the following partial
differential equation:
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If we assume that Pd is of the form (21), then for P d > 0:
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This PDE is equivalent to the following system of ODEs:
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As Pd(T, T ) = 1 for all r, w, s, u ∈ R we know Ad(T, T ) = B(T, T ) = Cd(T, T ) =
Dd(T, t) = Ed(T,T ) = 0. Using the transformation τ = T −t gives the following
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C Proof of Theorem 6

By the theorem of Feynman Kac P d is the solution to the following partial
differential equation:
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This PDE is equivalent to the following system of ODEs:
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D Results of Regression Analyses

Table 14: Test of in-sample explanatory power of the model of Schmid and
Zagst for non-defaultable yields. The last two columns show the p-values of the
F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). Results are based
on weekly data of Treasury Strips between October 1, 1993, and June 1, 2001.

τ a b R2 a=0 a=0, b=1
3 months -1.1511·10−6 0.4618 0.2423 0.9842 0
6 months -1.1575·10−5 0.5649 0.4833 0.7793 0
1 year -1.6555·10−5 0.8129 0.6985 0.6582 0
2 years -1.4870·10−5 0.9679 0.8922 0.5206 0.1313
3 years -9.2875·10−6 1.0262 0.9442 0.5814 0.0987
4 years -3.6402·10−6 1.0834 0.5966 0.9509 0.1767
5 years -1.3428·10−6 1.0910 0.9872 0.8680 0
7 years 4.7315·10−6 1.0953 0.9513 0.7612 0
10 years 6.5181·10−6 1.0876 0.9211 0.7313 0
20 years 1.3651·10−5 1.0555 0.8159 0.5895 0.0791
30 years 1.2467·10−5 1.1753 0.6369 0.7448 0.0005
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Table 15: Test of out�of-sample explanatory power of the model of Schmid and
Zagst for non-defaultable yields. The last two columns show the p-values of the
F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). Results are based
on weekly data of Treasury Strips between June 1, 2001, and August 15, 2001.

τ a b R2 a=0 a=0, b=1
3 months -2.1911·10−4 0.1980 0.0880 0.0373 0
6 months -1.8775·10−4 0.3114 0.3281 0.0107 0
1 year -1.2550·10−4 0.7189 0.6162 0.1718 0
2 years -9.7176·10−5 0.8947 0.7865 0.1896 0.0335
3 years -4.8950·10−5 1.0372 0.9139 0.3238 0.2598
4 years -2.0393·10−5 1.0568 0.9798 0.3799 0.0003
5 years 1.0399·10−5 1.0991 0.9917 0.4904 0
7 years 3.9085·10−5 1.0697 0.9633 0.1978 0.0017
10 years 6.2728·10−5 1.0327 0.9180 0.1414 0.2074
20 years 7.0473·10−5 0.9745 0.7993 0.2165 0.3744
30 years 6.7250·10−5 1.0480 0.7259 0.2956 0.4527

Table 16: Test of in-sample explanatory power of the extended model of Schmid
and Zagst for non-defaultable yields. The last two columns show the p-values
of the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results
are based on weekly data of Treasury Strips between October 1, 1993, and June
1, 2001.

τ a b R2 a = 0 a = 0, b = 1
3 months -5.3563·10−6 0.4255 0.2534 0.9259 0
6 months -15.5708·10−6 0.5123 0.4882 0.7049 0
1 year -20.7813·10−6 0.7412 0.7095 0.5716 0
2 years -17.0863·10−6 0.8853 0.9039 0.4342 0
3 years -9.7471·10−6 0.9396 0.9509 0.5374 0
4 years -2.2689·10−6 0.9437 0.5398 0.9713 0.4362
5 years -6.2561·10−8 1.0089 0.9997 0.9580 0
7 years 6.4486·10−6 1.0099 0.9446 0.6978 0.6710
10 years 7.8627·10−6 1.0122 0.9133 0.6928 0.6849
20 years 13.1588·10−6 1.0085 0.8021 0.6159 0.8355
30 years 10.2421·10−6 1.1076 0.5783 0.8040 0.0763
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Table 17: Test of out�of-sample explanatory power of the extended model of
Schmid and Zagst for non-defaultable yields. The last two columns show the
p-values of the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The
results are based on weekly data of Treasury Strips between June 1, 2001, and
August 15, 2001.

τ a b R2 a = 0 a = 0, b = 1
3 months -2.1790·10−4 0.1755 0.0858 0.0368 0
6 months -1.8232·10−4 0.2783 0.3235 0.0128 0
1 year -1.3243·10−4 0.6509 0.6212 0.1437 0
2 years -9.7890·10−5 0.8173 0.8016 0.1668 0
3 years -5.1267·10−5 0.9439 0.9166 0.2894 0.0783
4 years -2.8998·10−5 0.9634 0.9788 0.2193 0.0162
5 years 8.5715·10−7 1.0104 0.9999 0.6430 0
7 years 3.2959·10−5 0.9817 0.9538 0.3279 0.3851
10 years 5.3078·10−5 0.9514 0.8974 0.2604 0.1289
20 years 6.0304·10−5 0.9205 0.7719 0.3161 0.1297
30 years 5.6829·10−5 1.0108 0.6936 0.3982 0.6949

Table 18: Test of in-sample explanatory power of the model of Bakshi, Madan
and Zhang for non-defaultable yields. The last two columns show the p-values
of the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results
are based on weekly data of Treasury Strips between October 1, 1993, and June
1, 2001.

τ a b R2 a = 0 a = 0, b = 1
3 months 8.1956·10−6 0.5264 0.3520 0.8786 0
6 months -1.4537·10−7 0.6138 0.6242 0.9967 0
1 year -1.3375·10−6 0.8583 0.8236 0.9627 0
2 years -5.4039·10−7 1.0107 0.9981 0.8620 0
3 years 2.2608·10−6 1.0269 0.9706 0.8532 0.0114
4 years 4.8929·10−6 1.0170 0.5493 0.9375 0.9318
5 years 3.3201·10−6 1.0485 0.9776 0.7563 0
7 years 2.9940·10−6 1.0412 0.9772 0.7785 0
10 years -2.1858·10−6 1.0120 0.9844 0.7959 0.1681
20 years -3.3934·10−6 0.9154 0.9234 0.8352 0
30 years -6.3455·10−6 0.9415 0.7064 0.8538 0.1572
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Table 19: Test of out�of-sample explanatory power of the model of Bakshi,
Madan and Zhang for non-defaultable yields. The last two columns show the
p-values of the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The
results are based on weekly data of Treasury Strips between June 1, 2001, and
August 15, 2001.

τ a b R2 a = 0 a = 0, b = 1
3 months -1.7452·10−4 0.2310 0.1380 0.0873 0
6 months -1.2800·10−4 0.3337 0.4170 0.0606 0
1 year -3.3574·10−5 0.7490 0.6978 0.6792 0
2 years 3.0811·10−6 1.0176 0.9943 0.7968 0.0550
3 years 3.9971·10−6 1.0457 0.8905 0.9426 0.4174
4 years -1.2557·10−6 1.0547 0.9443 0.9738 0.0785
5 years 6.1568·10−6 1.0886 0.9644 0.8424 0
7 years 8.4441·10−6 1.0478 0.9762 0.7264 0.0098
10 years 4.7750·10−6 0.9910 0.9817 0.8097 0.7526
20 years -5.7085·10−6 0.8678 0.9190 0.8728 0
30 years -1.1027·10−5 0.8787 0.8583 0.8087 0.0021

Table 20: Test of in-sample explanatory power of the model of Schmid and
Zagst for BBB1 spreads. The last two columns show the p-values of the F-tests
against the null hypotheses a = 0 and (a, b) = (0, 1). The results are based on
weekly data of Treasury Strips between October 1, 1993, and June 1, 2001.

τ a b R̄2 a=0 a=0, b=1
3 months 1.0064·10−5 0.9717 0.2464 0.8055 0.9184
6 months 5.0735·10−6 0.8971 0.2799 0.8716 0.3592
1 year -5.1430·10−6 1.5047 0.8622 0.6445 0
2 years -4.3743·10−6 1.0937 0.4917 0.7941 0.2423
3 years -3.0618·10−6 1.1494 0.5321 0.8363 0.0229
4 years -1.9497·10−5 1.7559 0.1227 0.7542 0.0062
5 years -9.5525·10−7 0.8763 0.2893 0.9576 0.1968
7 years -1.3410·10−7 0.9484 0.3315 0.9939 0.7450
10 years -7.3104·10−7 1.0454 0.3538 0.9680 0.8145
20 years 1.1193·10−6 1.1523 0.3422 0.9539 0.1604
30 years -1.7525·10−5 1.9539 0.2877 0.6014 0
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Table 21: Test of out�of-sample explanatory power of the model of Schmid and
Zagst for BBB1 spreads. The last two columns show the p-values of the F-tests
against the null hypotheses a = 0 and (a, b) = (0, 1). The results are based on
weekly data of Treasury Strips between June 1, 2001, and August 15, 2001.

τ a b R2 a=0 a=0, b=1
3 months -7.6425·10−7 0.6777 0.1987 0.9930 0.0470
6 months -5.0306·10−6 0.3055 0.0510 0.9477 0
1 year 7.4333·10−6 1.4301 0.9290 0.7064 0
2 years 1.1361·10−5 0.9324 0.3666 0.8224 0.8148
3 years 1.1911·10−6 1.4025 0.5975 0.7858 0.0016
4 years 2.6639·10−6 0.7721 0.2471 0.9573 0.2020
5 years 2.8310·10−6 0.6973 0.2088 0.9544 0.0637
7 years 5.7710·10−6 0.9573 0.3444 0.9041 0.9321
10 years -1.5753·10−5 0.9135 0.3612 0.7186 0.7226
20 years -2.7010·10−6 1.1262 0.4882 0.9446 0.5045
30 years -1.2745·10−6 1.6374 0.5372 0.9779 0.0001

Table 22: Test of in-sample explanatory power of the model of Schmid and Zagst
for A2 spreads. The last two columns show the p-values of the F-tests against
the null hypotheses a = 0 and (a, b) = (0, 1). The results are based on weekly
data of Treasury Strips between October 1, 1993, and June 1, 2001

τ a b R2 a=0 a=0, b=1
3 months 1.4370·10−6 1.1155 0.2290 0.9724 0.5318
6 months 2.2400·10−6 1.2560 0.3872 0.9383 0.0058
1 year -4.4005·10−6 1.4934 0.6571 0.7896 0
2 years -5.5875·10−6 1.4031 0.4988 0.7327 0
3 years -4.3448·10−6 1.4331 0.4523 0.7757 0
4 years -1.8207·10−5 2.2176 0.0777 0.7782 0.0069
5 years -8.6022·10−6 1.6818 0.3904 0.5909 0
7 years -6.2219·10−6 1.7777 0.2930 0.7246 0
10 years 2.3401·10−6 1.6453 0.1682 0.9008 0.0020
20 years 1.4218·10−5 1.6851 0.0546 0.4891 0.1014
30 years -6.9543·10−7 4.7786 0.0583 0.9855 0.0005
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Table 23: Test of out�of-sample explanatory power of the model of Schmid and
Zagst for A2 spreads. The last two columns show the p-values of the F-tests
against the null hypotheses a = 0 and (a, b) = (0, 1). The results are based on
weekly data of Treasury Strips between June 1, 2001, and August 15, 2001.

τ a b R2 a=0 a=0, b=1
3 months 2.4932·10−6 1.1048 0.3876 0.9768 0.7265
6 months -4.3327·10−6 1.0831 0.3853 0.9533 0.8126
1 year 2.6432·10−6 1.4872 0.6571 0.9543 0
2 years 2.1582·10−5 1.2478 0.3292 0.6945 0.3289
3 years 2.7286·10−5 1.7289 0.3975 0.6179 0.0020
4 years 1.5010·10−5 1.4481 0.4400 0.6918 0.0172
5 years 1.3418·10−5 1.4935 0.4404 0.7113 0.0098
7 years -1.2762·10−5 0.8099 0.1215 0.7574 0.6464
10 years -2.2822·10−5 0.8004 0.04373 0.6998 0.8183
20 years -1.2461·10−5 1.6411 0.07379 0.8180 0.4590
30 years -3.3564·10−5 1.3692 0.02015 0.5797 0.7487

Table 24: Test of in-sample explanatory power of the extended model of Schmid
and Zagst for BBB1 spreads. The last two columns show the p-values of the
F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results are
based on weekly data of Treasury Strips between October 1, 1993, and June 1,
2001.

τ a b R2 a = 0 a = 0, b = 1
3 months 1.0212·10−5 0.9159 0.2471 0.8026 0.5601
6 months 5.2728·10−6 0.8646 0.2869 0.8659 0.1409
1 year -4.8029·10−6 1.4812 0.8749 0.6510 0
2 years -4.1865·10−6 1.0945 0.4581 0.8089 0.2838
3 years -3.1328·10−6 1.1691 0.4631 0.8436 0.0287
4 years -2.5162·10−5 2.0421 0.1309 0.6850 0.0005
5 years -9.2685·10−7 0.8857 0.2247 0.9607 0.3778
7 years -1.4729·10−6 1.0066 0.2767 0.9356 0.9941
10 years -4.7821·10−6 1.1869 0.3419 0.7953 0.0787
20 years -5.9106·10−6 1.2964 0.3799 0.7535 0.0019
30 years -3.4185·10−5 2.1661 0.3886 0.2726 0
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Table 25: Test of out�of-sample explanatory power of the extended model of
Schmid and Zagst for BBB1 spreads. The last two columns show the p-values
of the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results
are based on weekly data of Treasury Strips between June 1, 2001, and August
15, 2001.

Maturity a b R2 a = 0 a = 0, b = 1
3 Months -2.5276·10−5 0.7015 0.1751 0.7831 0.1166
6 Months -2.376·10−5 0.3597 0.0583 0.7633 0
1 Year 1.6800·10−5 1.5245 0.9053 0.4585 0
2 Years 1.2188·10−5 1.0585 0.3527 0.8130 0.8929
3 Years 2.1560·10−5 1.5295 0.4792 0.6648 0.0027
4 Years 5.4541·10−6 0.8987 0.2023 0.9156 0.8191
5 Years 5.4744·10−6 0.8083 0.1591 0.9150 0.5309
7 Years 2.0507·10−5 1.2161 0.2971 0.6793 0.4608
10 Years 1.2919·10−6 1.2282 0.3384 0.9769 0.3645
20 Years 2.2289·10−5 1.5332 0.5186 0.5569 0.0010
30 Years 3.1546·10−5 1.9345 0.5329 0.4976 0

Table 26: Test of in-sample explanatory power of the extended model of Schmid
and Zagst for A2 spreads. The last two columns show the p-values of the F-tests
against the null hypotheses a = 0 and (a, b) = (0, 1). The results are based on
weekly data of Treasury Strips between October 1, 1993, and June 1, 2001.

τ a b R2 a = 0 a = 0, b = 1
3 months 1.3097·10−6 0.8084 0.2266 0.9749 0.0391
6 months 3.4119·10−6 0.8927 0.3585 0.9083 0.2018
1 year -2.0876·10−6 1.3200 0.8966 0.8177 0
2 years -3.3194·10−7 1.0131 0.4333 0.9848 0.9750
3 years 5.3541·10−7 1.0917 0.4526 0.9720 0.3131
4 years -1.8315·10−5 2.1747 0.1420 0.7687 0
5 years -6.2845·10−6 1.3654 0.5564 0.6447 0
7 years -6.4588·10−6 1.4064 0.5307 0.6529 0
10 years 1.2235·10−6 1.1073 0.3391 0.9416 0.3790
20 years 9.5899·10−6 0.8640 0.2014 0.6108 0.2700
30 years -7.3028·10−6 1.5061 0.1796 0.8373 0.0078
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Table 27: Test of out�of-sample explanatory power of the extended model of
Schmid and Zagst for A2 spreads. The last two columns show the p-values of
the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results are
based on weekly data of Treasury Strips between June 1, 2001, and August 15,
2001.

τ a b R2 a = 0 a = 0, b = 1
3 months -4.0961·10−6 0.9280 0.4174 0.9615 0.7833
6 months -1.1111·10−5 0.8787 0.3932 0.8814 0.4950
1 year 7.2184·10−6 1.3764 0.9111 0.7572 0
2 years 4.4960·10−6 0.8876 0.2545 0.9382 0.7283
3 years 8.2490·10−6 1.3617 0.3554 0.8835 0.1155
4 years 1.2218·10−5 1.3316 0.5290 0.7219 0.0223
5 years 1.5575·10−5 1.4094 0.5765 0.6175 0.0021
7 years 1.0919·10−6 1.0820 0.3764 0.9749 0.8201
10 years -9.9869·10−6 0.9113 0.1424 0.8576 0.9098
20 years -3.6584·10−7 0.9605 0.1937 0.9942 0.9768
30 years -1.5563·10−5 0.7657 0.1082 0.7859 0.5270

Table 28: Test of in-sample explanatory power of the model of Bakshi, Madan
and Zhang for BBB1 spreads. The last two columns show the p-values of the
F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results are
based on weekly data of Treasury Strips between October 1, 1993, and June 1,
2001.

τ a b R2 a = 0 a = 0, b = 1
3 months -9.1231·10−6 1.1633 0.0963 0.8389 0.6531
6 months -6.4168·10−6 0.8700 0.0853 0.8564 0.6419
1 year -1.2582·10−5 1.1919 0.2350 0.6326 0.1951
2 years -1.2144·10−5 1.3427 0.4713 0.4783 0
3 years -1.0929·10−5 1.5846 0.7706 0.2929 0
4 years -1.2980·10−5 1.6331 0.0878 0.8380 0.0579
5 years 2.7875·10−6 0.8420 0.2299 0.8815 0.1252
7 years 6.5463·10−6 0.8367 0.2318 0.7268 0.1021
10 years 6.0738·10−6 0.9774 0.2900 0.7502 0.9168
20 years 1.5046·10−5 0.7108 0.1419 0.4952 0.0043
30 years 1.4509·10−6 1.2069 0.1459 0.9684 0.3655
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Table 29: Test of out�of-sample explanatory power of the model of Bakshi,
madan and Zhang for BBB1 spreads. The last two columns show the p-values
of the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results
are based on weekly data of Treasury Strips between June 1, 2001, and August
15, 2001.

τ a b R2 a = 0 a = 0, b = 1
3 months -3.8419·10−5 0.2315 0.0063 0.7032 0.0220
6 months -2.6180·10−5 0.3674 0.0237 0.7446 0.0194
1 year -1.9550·10−6 1.1710 0.2828 0.9750 0.6202
2 years 1.0215·10−5 1.1404 0.3391 0.8444 0.6415
3 years 3.3238·10−5 1.8995 0.8028 0.2782 0
4 years 1.6708·10−6 0.7812 0.1947 0.9742 0.3384
5 years 3.6568·10−6 0.7025 0.1685 0.9428 0.1256
7 years 9.8674·10−6 0.8264 0.2132 0.8506 0.4788
10 years 3.1589·10−7 0.9605 0.3431 0.9943 0.9498
20 years 4.8768·10−6 0.8469 0.2705 0.9169 0.4823
30 years 1.8837·10−5 1.1903 0.3369 0.7343 0.4789

Table 30: Test of in-sample explanatory power of the model of Bakshi, Madan
and Zhang for A2 spreads. The last two columns show the p-values of the F-
tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results are based
on weekly data of Treasury Strips between October 1, 1993, and June 1, 2001.

τ a b R2 a = 0 a = 0, b = 1
3 months -9.2744·10−6 0.9169 0.0477 0.8411 0.8993
6 months -5.7591·10−6 0.9469 0.0819 0.8711 0.9306
1 year -9.3418·10−6 1.2075 0.2238 0.7069 0.1789
2 years -7.9277·10−6 1.4121 0.4439 0.6456 0
3 years -6.3596·10−6 1.5829 0.7001 0.5729 0
4 years -2.1751·10−5 2.5275 0.1685 0.7228 0
5 years -2.7363·10−6 1.2222 0.4301 0.8593 0.0075
7 years -9.9890·10−7 1.2112 0.4113 0.9504 0.0153
10 years 4.70952·10−6 1.0610 0.3363 0.7782 0.6788
20 years 1.5229·10−5 0.6620 0.1265 0.4392 0.0006
30 years 2.2612·10−7 1.3466 0.1495 0.9950 0.0993
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Table 31: Test of out�of-sample explanatory power of the model of Bakshi,
Madan and Zhang for A2 spreads. The last two columns show the p-values of
the F-tests against the null hypotheses a = 0 and (a, b) = (0, 1). The results are
based on weekly data of Treasury Strips between June 1, 2001, and August 15,
2001.

τ a b R2 a = 0 a = 0, b = 1
3 months 1.5298·10−5 1.0303 0.0822 0.8860 0.9861
6 months -3.9828·10−7 0.7649 0.0596 0.9966 0.7129
1 year 9.7591·10−6 0.9661 0.1354 0.8936 0.9787
2 years 1.4847·10−5 1.1445 0.2443 0.7997 0.7358
3 years 3.4253·10−5 2.0791 0.7209 0.3564 0
4 years 1.1966·10−5 1.3097 0.5575 0.7190 0.0213
5 years 2.6660·10−6 1.0722 0.4069 0.9423 0.8390
7 years -1.2619·10−5 0.7382 0.2313 0.7424 0.1227
10 years -1.5889·10−5 0.7320 0.1225 0.7773 0.3503
20 years -8.2169·10−6 0.7187 0.1367 0.8743 0.2556
30 years -2.3771·10−5 0.5338 0.0633 0.6859 0.0583
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